Representations of a $p$-adic group in characteristic $p$ by Henniart, G. & Vignéras, M. -F.
ar
X
iv
:1
71
2.
08
03
8v
1 
 [m
ath
.N
T]
  2
1 D
ec
 20
17
REPRESENTATIONS OF A p-ADIC GROUP IN CHARACTERISTIC p
G. HENNIART AND M.-F. VIGNE´RAS
Abstract. Let F be a locally compact non-archimedean field of residue characteristic
p, G a connected reductive group over F , and R a field of characteristic p. When R
is algebraically closed, the irreducible admissible R-representations of G = G(F ) are
classified in [AHHV] in term of supersingular R-representations of the Levi subgroups
of G and parabolic induction; there is a similar classification for the simple modules of
the pro-p Iwahori Hecke R-algebra H(G)R in [Abe]. In this paper, we show that both
classifications hold true when R is not algebraically closed.
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I. Introduction
I.1. In this paper, p is a prime number, F is a locally compact non-archimedean field of
residual characteristic p, G is a connected reductive group over F , finally R is a field; in
this introduction R has characteristic p - except in §I.2.
Recent applications of automorphic forms to number theory have imposed the study
of smooth representations of G = G(F ) on R-vector spaces; indeed one expects a strong
relation, a` la Langlands, with R-representations of the Galois group of F - the only
established case, however, is that of GL(2,Qp).
The first focus is on irreducible representations. When R is an algebraically closed, the
irreducible admissible R-representations of G have been classified in terms of parabolic
induction of supersingular R-representations of Levi subgroups of G [AHHV]. But the
restriction to algebraically closed R is undesirable: for example, in the work of Breuil and
Colmez on GL(2,Qp), R is often finite. Here we extend to any R the classification of
[AHHV] and its consequences.
Let I be a pro-p Iwahori subgroup of G. If W is a smooth R-representation of G, the
fixed point W I is a right module over the Hecke ring H(G) of I in G; it is non-zero if W
is, and finite dimensional if W is admissible. Even though W I might not be simple over
H(G) when W is irreducible, it is important to study simple R ⊗H(G)-modules. When
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R is algebraically closed, they have been classified ([Abe], see also [AHenV2, Cor:4.30]) in
terms of supersingular R⊗H(M)-modules, where M is a Levi subgroup of G and H(M)
the Hecke ring of I ∩M in M . The classification uses a parabolic induction process from
H(M)-modules to H(G)-modules. Again we extend that classification to any R.
I.2. Before we state our main results more precisely, let us describe our principal tool
for reducing them to the known case where R is algebraically closed - those tools are
developped in section II.
The idea is to introduce an algebraic closure Ralg of R, and study the scalar extension
W 7→ Ralg ⊗R W from R-representations of G to R
alg-representations of G, or from
R⊗H(G)-modules to Ralg⊗H(G)-modules. The important remark is that when W is an
irreducible admissible R-representation of G, or a simple R⊗H(G)-module, its commutant
has finite dimension over R. The following result examines what happens for more general
extensions R′ of R.
Theorem 1. [Decomposition theorem] Let R be a field, A an R-algebra1 and V a simple A-
module with commutant D = EndA V of finite dimension over R. Let E denote the center
of the skew field D, δ the reduced degree of D over E and Esep the maximal separable
extension of R contained in E.
Let R′ be a normal extension of R containing a finite separable extension of E splitting
D. Then the scalar extension VR′ of V to R
′ has length δ[E : R] and is a direct sum
VR′ ≃ ⊕
δ ⊕j∈HomR(Esep,R′) VR′,j
of δ copies of a direct sum of [Esep : R] indecomposable AR′ -modules VR′,j of commutant the
local artinian ring R′⊗j,EsepE. For each j, VR′,j has length [E : Esep], simple subquotients
all isomorphic to R′⊗(R′⊗EsepE) VR′,j of commutant R
′, and descends to a finite extension
of R. The VR′,j are not isomorphic to each other and form a single AutR(R
′)-orbit.
The map sending V to the AutR(R
′)-orbit of R′ ⊗(R′⊗EsepE) VR′,j induces a bijection
- from the set of isomorphism classes [V ] of simple A-modules V with commutant of
finite dimension over R (resp. V of finite dimension over R),
- to the set of AutR(R
′)-orbits of the isomorphism classes [V ′] of simple AR′-modules
V ′ with commutant of finite dimension over R′ descending to a finite extension of R (resp.
V ′ of finite dimension over R′).
Thm.1 implies without difficulty:
Corollary 1. For any extension L/R, the length of VL is ≤ δ[E : R], and the dimension
over L of the commutant of any subquotient of VL is finite.
The second theorem is a criterion, inspired by [AHenV1, Lemma 3.11], for a functor to
preserve the lattice LW of submodules of a module W .
Theorem 2. [Lattice isomorphism] Let F : C → D be a functor between abelian categories
of right adjoint G, unit η : id→ G ◦ F and counit ǫ : F ◦G→ id.
Then F and G induce lattice isomorphisms inverse from each other between LW and
LF (W ), for any object W ∈ C of finite length satisfying the properties:
a) The unit morphism ηW : W → (G ◦ F )(W ) is an isomorphism.
1all our algebras are associative with unit
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b) F (Y1) ⊂ F (Y2) for any subobjects Y1 ⊂ Y2 of W , or G(X) 6= 0 for any non-zero
subobject X of F (W ).
c) F (Y ) is simple for any simple object Y subquotient of W .
equivalent to the properties a), b’), c’) where
b’) G(X) is simple for any simple subquotient X of F (W ).
c’) The length of F (W ) is equal to the length of W .
If W satisfies a), b), c), then any subquotient of W satisfies a), b) and c).
The proof starts by showing that F defines an injective lattice map LW →֒ LF (W ) using
a) and b), and then showing that the lattice map LF (W ) →֒ L(G◦F )(W ) defined by G is
injective using c).
We end §II by another lattice isomorphism for the functor −⊗RV from R-vector spaces
to A-modules, where V is a simple A-module with commutant R, inspired by [Abe, Lemma
5.3].
Theorem 3. [Lattice isomorphism and tensor product] Let R be a field, A an R-algebra,
V a simple A-module with commutant R, and W an R-vector space. Then,
W ⊗R V is an isotypical A-module of type V ,
the map Y 7→ Y ⊗R V : LW → LW⊗RV is a lattice isomorphism,
the map W → HomA(V,W⊗RV ), sending w ∈W to ϕw : v 7→ w⊗v is an isomorphism.
Let moreover, bW ∈ EndR(W ), bV ∈ EndR(V ) and a subspace Y of W . If Y is stable by
bW , then Y ⊗R V is stable by bW ⊗ bV . Conversely, if Y ⊗R V is stable by bW ⊗ bV , then
Y is stable by bW provided that bV 6= 0.
In our applications, we have an R-algebra A′ containing A and an A′-module V which
is simple with commutant R as an A-module. We also have a basis B′ of A′ containing
a basis B of A and elements of B′ \ B act invertibly on V . Moreover, we deal with A′-
modules W where elements of B act as identity, and such that the tensor product action
of B′ on W ⊗R V yields an A
′-module.
Corollary 2. In the above situation,
The map Y 7→ Y ⊗R V : LW → LW⊗RV yields a lattice isomorphisms between A
′-
submodules of W and A′-submodules of W ⊗R V .
The map W → HomA(V,W ⊗R V ) is an isomorphism of A
′-modules, if we let b ∈ B′
act on ϕ ∈ HomA(V,W ⊗R V ) by bϕ = bW⊗RV ◦ ϕ ◦ b
−1
V .
Note that the natural map HomA(V,W ⊗R V )⊗R V →W ⊗R V is also an isomorphism
of A′-modules if we let b ∈ B′ act by the tensor product action.
I.3. In §III, for a field R of characteristic p, we prove the classification of the irreducible
admissible R-representations of G in terms of supersingular irreducible admissible R-
representations of Levi subgroups of G.
An R-triple (P, σ,Q) of G consists of a parabolic subgroup P =MN of G, a smooth R-
representation σ of M , and a parabolic subgroup Q of G satisfying P ⊂ Q ⊂ P (σ), where
P (σ) =M(σ)N(σ) is the maximal parabolic subgroup of G where σ, extends trivially on
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N ; let eQ(σ) denote the restriction to MQ of this extension. By definition
IG(P, σ,Q) = Ind
G
P (σ)(St
M(σ)
Q (σ)) where(3.1)
St
M(σ)
Q (σ) = Ind
M(σ)
Q (eQ(σ))/
∑
Q(Q′⊂P (σ)
Ind
M(σ)
Q′ (eQ′(σ)),(3.2)
is the generalized Steinberg R-representation of M(σ) and Ind
M(σ)
Q stands for the para-
bolic smooth induction Ind
M(σ)
Q∩M(σ). In §III.3 Prop.3, we show that IG(P,−, Q) and scalar
extension are compatible: for any R-triple (P, σ,Q) of G, we have R′ ⊗R IG(P, σ,Q) ≃
IG(P,R
′ ⊗R σ,Q) for any extension R
′/R and IG(P, σ,Q) descends to a subfield of R if
and only if σ does,
What supersingular means for an irreducible smoothR-representation π ofG ? We know
what it means to be a supersingularH(G)R = R⊗ZH(G)-module: for all P 6= G, a certain
central element TP of the pro-p Iwahori Hecke ring H(G) should act locally nilpotently
[VigpIwss]. We say that π is supersingular if πI (the I-invariants) is supersingular as a
right H(G)R-module (Definition 2 in §III.4). When R is algebraically closed, the definition
given in [AHHV] is equivalent by [OV]. In §III.4 Lemma 6, we show that supersingularity
is compatible with scalar extension.
Theorem 4. [Classification theorem for G]
For any R-triple (P, σ,Q) of G with σ irreducible admissible supersingular, IG(P, σ,Q)
is an irreducible admissible R-representation of G.
If (P, σ,Q) and (P1, σ1, Q1) are two R-triples of G with σ and σ1 irreducible admissible
supersingular and IG(P, σ,Q) ≃ IG(P1, σ1, Q1), then P = P1, Q = Q1 and σ ≃ σ1.
For any irreducible admissible R-representation π of G, there is a R-triple (P, σ,Q) of
G with σ irreducible admissible supersingular, such that π ≃ IG(P, σ,Q).
When R is algebraically closed, this is the classification theorem of [AHHV]. In §III.5
we descend the classification theorem from Ralg to R by a formal proof using the decom-
position theorem (Thm.1) and a lattice isomorphism Lσ
Ralg
≃ LIG(P,σRalg ,Q) when σ is
irreducible admissible supersingular of scalar extension σRalg to R
alg (Prop.1 in §III.3,
Remark 11 in §III.4).
I.4. In §IV, we prove a similar classification for the simple right H(G)R-modules when
R is a field of characteristic p. As in [AHenV2] when R is algebraically closed, this
classification uses the parabolic induction functor
Ind
H(G)
P : ModR(H(M))→ ModR(H(G))
from right H(M)R-modules to right H(G)R-modules, analogue of the parabolic smooth
induction: indeed (IndGP σ)
I is naturally isomorphic to Ind
H(G)
P (σ
I∩M ) for a smooth R-
representation σ of G [OV]. An R-triple (P,V, Q) of H(G) consists of parabolic subgroups
P = MN ⊂ Q of G (containing B) and of a right H(M)R-module V with Q ⊂ P (V)
(Definition 3); as for the group, it defines a right H(G)R-module IH(G)(P,V, Q).
Theorem 5. [Classification theorem for H(G)]
Any simple right H(G)R-module X is isomorphic to IH(G)(P,V, Q) for some R-triple
(P,V, Q) of H(G) with V simple supersingular.
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For any R-triple (P,V, Q) of H(G) with V simple supersingular, IH(G)(P,V, Q) is a
simple H(G)R-module.
If (P,V, Q) and (P1,V1, Q1) are R-triples of H(G) with V and V1 simple supersingular,
and IH(G)(P,V, Q) ≃ IH(G)(P1,V1, Q1), then P = P1, Q = Q1 and V ≃ V1.
The proof follows the same pattern as for the group G, by a descent to R of the
classification over Ralg [AHenV2].
In Proposition 7, we prove that IH(G)(P,−, Q) and scalar extension are compatible, as
in the group case (Prop. 3).
Assuming that R contains a root of unity of order the exponent of Zk (the quotient of the
parahoric subgroup of Z by its pro-p Sylow subgroup), the simple supersingular H(G)R-
modules are classified [Oss], [VigpIwss, Thm.1.6]; in particular when G is semisimple
and simply connected, they have dimension 1. With Theorem 5, we get a complete
classification of the H(G)R-modules.
Note that the ring H(M) does not embed in the ring H(G) and different inductions
from ModR(H(M)) to ModR(H(G)) are possible. We denote CI
H(G)
P : ModR(H(M)) →
ModR(H(G)) the parabolic coinduction functor and CIH(G)(P,V, Q) the corresponding
H(G)R-module associated to an R-triple (P,V, Q) of H(G), used in [Abe]. The classi-
fication theorem (Thm. 5) can be equivalently expressed with CIH(G)(P,V, Q) instead
of IH(G)(P,V, Q), as in the case where R is algebraically closed [AHenV2, Cor. 4.24].
In the appendix we recall results of Abe on the different inductions ModR(H(M)) →
ModR(H(G)) and their relations.
I.5. In §V, we give applications (Theorems 6, 7, 8, 9) of the classification for G (Thm 4)
and for H(G) (Thm 5); they were already known when R is algebraically closed, except
for parts (ii),(iii) of Theorem 7 below.
Theorem 6. [Vanishing of the smooth dual] The smooth dual of an infinite dimensional
irreducible admissible R-representation of G is 0.
This was proved by different methods when the characteristic of F is 0 in [Kohl] and
whenR is algebraically closed in [AHenV2, Thm.6.4]. In §V.1 we deduce easily the theorem
from the theorem over Ralg using the scalar extension to Ralg (Theorem 1).
[Description of IndGP σ for an irreducible admissible R-representation of M , and of
Ind
H(G)
P V for a simple H(M)R-module V]
We write Lπ for the lattice of subrepresentations of an R-representation π of G, and
LX for the lattice of submodules of an H(G)R-module X .
Recall that for a set X, an upper set in P(X) is a set Q of subsets of X, such that if
X1 ⊂ X2 ⊂ X and X1 ∈ Q then X2 ∈ Q. Write LP(X),≥ for the lattice of upper sets in
P(X). For two subsets X1,X2 of X write X1 \X2 for the complementary set of X1 ∩X2
in X1.
By the classification theorems, σ ≃ IM (P1∩M,σ1, Q∩M) with (P1, σ1, Q) an R-triple of
G, Q ⊂ P and σ1 irreducible admissible supersingular and V ≃ IH(M)(P1 ∩M,V1, Q∩M)
with (P1,V1, Q) an R-triple of H(G), Q ⊂ P , and V1 simple supersingular.
Theorem 7. [Lattices LIndGP σ
and L
Ind
H(G)
P
V
]
(i) IndGP σ is multiplicity free of irreducible subquotients (isomorphic to) IG(P1, σ1, Q
′)
for R-triples (P1, σ1, Q
′) of G with Q′ ∩ P = Q (notations as above).
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Sending IG(P1, σ1, Q
′) to ∆Q′ ∩ (∆P (σ1) \∆P ) gives a lattice isomorphism
2
LIndGP σ
→ LP(∆P (σ1)\∆P ),≥
.
(ii) The H(G)R-module Ind
H(G)
P V satisfies the analogue of (i).
(iii) If σI∩M is simple and the natural map σI∩M⊗H(M)Z[(I∩M)\M ]→ σ is injective,
then the I-invariant functor (−)I gives a lattice isomorphism LIndGP (σ)
→ L
Ind
H(G)
P
(σI∩M )
with inverse given by −⊗H(G)R R[I\G].
When R is algebraically closed (i) is proved in [AHenV1, §3.2]. In §V.2 we prove (i)
and (ii); (iii) follows from (i), (ii), Theorem 2 and the commutativity of the parabolic
inductions with (−)I and −⊗H(G) Z[I\G] [OV].
Corollary 3. 1. The socle and the cosocle of IndGP σ are irreducible; Ind
G
P σ is irreducible
if and only if P contains P (σ1). The same is true for Ind
H(G)
P V.
2. Let π be an irreducible admissible R-representation of G; write π ≃ IG(P, σ,Q) with
σ irreducible admissible supersingular.
If σI∩M is simple and the natural map σ → σI∩M ⊗H(M) Z[(I ∩M)\M ] is bijective,
then πI is simple and π ≃ πI ⊗H(G) Z[I\G].
The first assertion for σ and R is algebraically closed is [AHenV1, Cor. 3.3 and 4.4].
The second assertion follows from Theorem 7 (iii).
[Computation of the left and right adjoints of the parabolic induction, of πI for an
irreducible admissible R-representation π of G and of X ⊗H(G)Z[I\G] for a simple H(G)R-
module X ]
For a parabolic subgroup P1 of G, write L
G
P1
and RGP1 for the left and right adjoints of
IndGP1 , and L
H(G)
P1
and R
H(G)
P1
for the left and right adjoints of Ind
H(G)
P1
[Vigadjoint].
There is nothing new in Theorem 8 below, now that we know that π ≃ IG(P, σ,Q) with
σ irreducible admissible supersingular, and X ≃ IH(G)(P,V, Q) with V simple supersingu-
lar. It suffices to quote: for RGP1(π) [AHenV1, Corollary 6.5], for L
G
P1
(π) [AHenV1, Cor.
6.2, 6.8], for L
H(G)
P1
(X ) and R
H(G)
P1
(X ) ([Abeparind, Thm. 5.20] when R is algebraically
closed, but this hypothesis is not used), for πI and X ⊗H(G) Z[I\G] [AHenV2, Thm.4.17,
Thm.5.11].
Theorem 8. [Adjoint functors and I-invariant]
(i) LGP1(π) and R
G
P1
(π) are 0 or irreducible admissible.
LGP1(π) 6= 0 ⇔ P1 ⊃ P, 〈P1, Q〉 ⊃ P (σ) ⇔ L
G
P1
(π) ≃ IM1(P ∩M1, σ,Q ∩M1).
RGP1(π) 6= 0 ⇔ P1 ⊃ Q ⇔ R
G
P1
(π) ≃ IM1(P ∩M1, σ,Q ∩M1).
(ii) L
H(G)
H(M)(X ) and R
H(G)
H(M)(X ) satisfy (i) with the obvious modifications.
(iii) πI ≃ IH(G)(P, σ
I∩M , Q) and X⊗H(G)RR[I\G] ≃ IG(P,V⊗H(M)RR[(I∩M)\M ], Q).
Example: LG
P (σ)(IG(P, σ,Q)) ≃ R
G
P (σ)(IG(P, σ,Q)) ≃ St
M(σ)
Q (σ) and the analogous for
IH(G)(P,V, Q).
2see the discussion in [He] and [AHHV] on the lattice of submodules of a multiplicity free module
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[Equivalence between supersingularity and more classical notions of cuspidality]
An irreducible admissible R-representation π of G is said to be
- supercuspidal if it is not a subquotient of IndGP τ with τ ∈ Mod
∞
R (M) irreducible
admissible for all parabolic subgroups P =MN ( G.
- cuspidal if LGP (π) = R
G
P (π) = 0 for all parabolic subgroups P ( G.
Theorem 9. π is supersingular if and only if π is supercuspidal if and only if π cuspidal.
The equivalence of supersingular with supercuspidal, resp. cuspidal, follows imme-
diately from Theorem 7, resp. Theorem 8. When R is algebraically closed, the first
equivalence was proved in [AHHV, Thm VI.2] and the second one in [AHenV1, Cor.6.9].
Given an irreducible admissible R-representation π, there is a parabolic subgroup P =
MN (containing B) and an irreducible admissible supercuspidal R-representation of σ of
M such that π is a subquotient of IndGP (σ), P and the isomorphism class of σ (called the
supercuspidal support of π) are unique.
Acknowledgments We thank the CNRS, the IMJ Paris-Diderot University, the Paris-
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II. Some general algebra
II.1. Review on scalar extension. We consider a field R and an R-algebra A (always
associative with unit).
For an extension R′ of R (which we see as a field R′ containing R), the scalar extension
R′ ⊗R − : ModR → ModR′ from R to R
′, also denoted (−)R′ , is faithful exact and left
adjoint to the restriction from R′ to R.
The scalar extension AR′ of A is an R
′-algebra and if W a (left or right) A-module,
WR′ is an AR′-module. An AR′-module of the form WR′ is said to descend to R.
Remark 1. Let Ralg be an algebraic closure of R. If A is a finitely generated R-algebra, an
ARalg -moduleW of finite dimensional over R
alg descends to a finite extension of R. Indeed,
if (wi) is an R
alg-basis of W , (aj) a finite set of generators of A, and ajwi =
∑
k rj,i,kwk,
the extension R′/R generated by the coefficients rj,i,k ∈ R
alg is finite and W is the scalar
extension of the AR′-module ⊕iR
′wi.
Remark 2. If V,W are A-modules, the natural map
(1.3) (HomA(V,W ))R′ → HomAR′ (VR′ ,WR′)
is injective, and bijective if R′/R is finite or if V is a finitely generated A-module [BkiA8,
§12, no2 Lemme 1], [BkiA2, II prop.16 p.110].
We assume from now on in §II that V is a simple A-module (in particular finitely
generated); we write D for the commutant EndA(V ), so that D is a division algebra, and
E for the center of D. By Remark 2, the commutant of VR′ is DR′ and its center is ER′
(consider V as an A⊗R D-module. That V is simple has further consequences:
(P1) As an A-module VR′ is a direct sum of A-modules isomorphic to V , i.e. V -isotypic
of type V [BkiA8, §4, no4, Prop.1].
(P2) The map J 7→ JVR′ is a lattice isomorphism of the lattice of right ideals J of
DR′ onto the lattice of AR′ -submodules of VR′ , with inverse W 7→ {d ∈ DR′ , dVR′ ⊂ W}
[BkiA8, §12, no2, Thm.2b)].
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(P3) The map I 7→ IDR′ is a lattice isomorphism of the lattice of ideals I of ER′ onto
the lattice of two-sided ideals J of DR′ , the inverse map sending J 7→ J ∩ER′ [BkiA8, §12,
no4, Prop.3a)].
(P4) If R′/R is finite, VR′ has finite length as an A-module, so also as an AR′-module;
then DR′ is left and right artinian and ER′ is artinian [BkiA8, §12, n
o5, Prop.5]. If
moreover R′/R is separable, VR′ is semisimple [BkiA8, §12, n
o5, Cor.].
(P5) If D has finite dimension over R, DR′ has the same dimension over R
′, and by
(P2) VR′ has finite length ≤ [D : R] over A
′.
In the reverse direction:
Lemma 1. Let R′/R be an extension and V ′ a simple AR′-module descending to a finite
extension of R. Then HomAR′ (V
′, VR′) 6= 0 for some simple A-module V . For any such
V , dimR V is finite if dimR′ V
′ is, and dimR EndA V is finite if dimR′ EndAR′ V
′ is.
Proof. a) Assume first that R′/R finite. Then AR′ is a (free) finitely generated A-module,
so V ′ as an A-module is finitely generated, and in particular has a simple quotient V :
HomA(V
′, V ) 6= 0. By Remark 2, HomAR′ (V
′
R′ , VR′) 6= 0; but V
′
R′ is the sum of [R
′ : R]
copies of V ′ so HomAR′ (V
′, VR′) 6= 0.
Let V be any simple A-module with HomAR′ (V
′, VR′) 6= 0. Then by the same reasoning
HomA(V
′, V ) 6= 0 so dimR V is finite if dimR′ V
′ is. Put D = EndA(V ) and D
′ =
EndAR′ (V
′) and let W be the maximal V ′-isotypic submodule of VR′ . Then W is DR′ -
stable and we get an homomorphism DR′ → EndAR′ W which is necessarily injective on
D, since D is a division algebra. By (P4), VR′ has finite length, so is W and EndAR′ W
is a matrix algebra over D′; it follows that if dimR′ D
′ is finite, so is dimR′(EndAR′ W )
hence also dimR(EndAR′ W ) and dimR(D).
b) Let us treat the general case. By assumption there is a finite subextension L of R
in R′ and an AL-module U such that V
′ = R′ ⊗L U - then U is necessarily simple. By a)
HomAL(U, VL) 6= 0 for some simple A-module A and by Remark 2, HomAR′ (V
′, VR′) 6= 0.
Conversely if V is some simple A-module with HomAR′ (V
′, VR′) 6= 0 then by Remark 2
again HomAL(U, VL) 6= 0, so the other assertions follow from a). 
Remark 3. A non-zero A-module W is called absolutely simple if WR′ is simple for any
extension R′/R. A simple A-module V of commutant D is absolutely simple if and only
if D = R. For ⇒ [BkiA8, §3,no2,Cor.2, p.44]. For ⇐, the commutant of VR′ is R
′ and P1)
implies that VR′ is simple.
If R is algebraically closed of cardinal > dimR V , then D = R [BkiA8, §3,n
o2,Thm.1,
p.43].
There exists an algebraically closed extension R′/R of cardinal > dimR V [BkiA8,
§3,no2, proof of Cor.3, p.44].
II.2. A bit of ring theory.
Lemma 2. Let L/K be a field extension and E/K be a finite purely inseparable extension.
Then L⊗K E is an artinian local ring with residue field L.
Proof. This is probably well known but I do not know a reference. Here is a proof.
When E = K, this is obvious. Assume E 6= K. Then, the characteristic of K is
positive, say p. There is a finite filtration from K to E by subfields K = E0 ⊂ . . . ⊂
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Ei ⊂ . . . ⊂ En = E such that Ei ≃ Ei−1[X]/(X
p). By induction on i, we suppose that
Ai−1 := L⊗K Ei−1 is an artinian local ring with residue field L. We show that Ai has the
same property. Clearly Ai is an artinian commutative ring, hence a finite product of local
(artinian) rings [Eis, Cor. 2.16]. We have Ai ≃ Ai−1[X]/(X
p). The only idempotents in
Ai are trivial (if P (X) ∈ Ai−1[X] is unitary and satisfies P (X)
2 ≡ P (X) modulo (Xp)
then P (X) = 1) hence Ai is local. As Ai−1 is a quotient of Ai and L is a quotient of Ai−1,
the field L is a quotient of Ai. 
II.3. Proof of the decomposition theorem (Thm.1 and Cor. 1). Let V a simple
A-module of commutant D of finite dimension over R, δ2 the dimension of D over its
center E.
We recall that a finite extension E′/E splits D, i.e. E′ ⊗E D ≃ M(δ,E
′), if and only
if E′ is isomorphic to a maximal subfield of a matrix algebra over D [BkiA8, §15, no3,
Prop.5]. We recall also that D contains a maximal subfield, which a separable extension
E′/E of degree δ [CR, 7.24 Prop] or [BkiA8, lo.cit. and §14, no7].
Let R′/R be a normal extension containing a finite Galois extension E′/E splitting D
(for example an algebraic closure Ralg of R).
For i ∈ HomR(E,R
′), R′ ⊗i,E E is a quotient field of ER′ isomorphic to R
′ so
∏
i∈HomR(E,R′)
R′ ⊗i,E E
is a semi-simple quotient of ER′ of dimension [Esep : R]. It is equal to ER′ if and only if
E/R is separable: [E : R] = [Esep : R]. By the same argument,
R′ ⊗R Esep =
∏
j∈HomR(Esep,R′)
R′ ⊗j,Esep Esep.
Recall from §II.2 the bijective map i 7→ j = i|Esep : HomR(E,R
′)→ HomR(Esep, R
′) = J .
Tensoring by −⊗Esep E, we get a product decomposition
ER′ ≃
∏
j∈J
R′ ⊗j,Esep E.
inducing decompositions
DR′ ≃
∏
j∈J
R′ ⊗j,Esep D, VR′ ≃ ⊕j∈J R
′ ⊗j,Esep V,
where R′ ⊗j,Esep D is the commutant of the AR′-module R
′ ⊗j,Esep V . As R
′ contains a
Galois extension E′/E splitting D,
R′ ⊗j,Esep D ≃M(δ,R
′ ⊗j,Esep E), R
′ ⊗j,Esep V ≃ ⊕
δVR′,j,
for an AR′-submodule VR′,j of commutant isomorphic to R
′ ⊗j,Esep E. The first isomor-
phism implies the second one [BkiA8, §6 no7, cor.2, p.103]. To prove the first isomorphism,
we choose g ∈ HomR(E
′, R′) extending j and i and we compute:
R′⊗j,EsepD ≃ R
′⊗j,EsepE⊗ED ≃ R
′G⊗RR
′
sepi(E)⊗ED ≃ R
′G⊗RR
′
sepi(E)⊗g,E′E
′⊗ED
≃ R′G⊗RR
′
sepi(E)⊗g,E′M(δ,E
′) ≃M(δ,R′G⊗RR
′
sepi(E)⊗g,E′ E
′) ≃M(δ,R′⊗j,Esep E).
For any extension L/R′, we still have HomR(E,L) = HomR(E,R
′) ≃ J ,
EL ≃
∏
j∈J
L⊗j,Esep E, DL ≃
∏
j∈J
L⊗j,Esep D, VL ≃ ⊕j∈J ⊕
δ VL,j,
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with VL,j = (VR′,j)L and EndAL VL,j ≃ L⊗j,Esep E.
By §II.2, L⊗j,Esep E is an Artinian local ring. We deduce that the AL-module VL,j of
commutant L⊗j,Esep E is indecomposable [BkiA8, §2 n
o3 Prop.4] of length [E : Esep] and
that its simple subquotients are all isomorphic to
L⊗(L⊗j,EsepE) VL,j.
The decomposition of DL shows that there are no non-zero AL-homomorphism between
VL,j and VL,j′ if j 6= j
′ (also between the simple subquotients of VL,j and of VL,j′).
The AL-module VL,j = L⊗R′ VR′,j and the AR′-module VR′,j have the same length, the
scalar extension to L of the AR′-module R
′ ⊗R′⊗j,EsepE VR′,j is simple. This being true
for all L, the simple subquotients of VR′ are absolutely simple. The same is true for their
scalar extension to L. Taking R′ = E′, the AL-subquotients of VL are defined over E
′.
An R-automorphism g of R′ induces an R-isomorphism r′⊗v 7→ g(r′)⊗v : R′⊗j,EsepV →
R′⊗g◦j,Esep V for i ∈ J . This action which corresponds to the transitive action of G on J ,
induces a transitive action of G on the set of isomorphism classes [VR′,j] of VR′,j for j ∈ J .
So the map [V ]→ AutR(R
′)[V ′] where V ′ is a simple subquotient of VR′ is well defined.
It is injective because V ′ seen as an A-module is V -isotypic, and it is surjective by Lemma
1. This ends the proof of Thm.1. 
Remark 4. In Thm.1 we note that the subquotients of VR′ descend to the finite Galois
extension E′/R.
We prove now Corollary 1.
We choose algebraic closures Lalg ⊃ Ralg of L ⊃ R containing a finite Galois extension
E′/R splitting D.
(i) The length of VL is less or equal to the length of VLalg and the length of VLalg is
δ[E : R].
(ii) The length of VE′ is δ[E : R]. The commutant of any subquotient W of VE′ is
contained in the commutant of W seen as an A-module, W is V -isotypic of finite length as
an A-module, and the dimension of the commutant D of V is finite. Hence the dimension
of the commutant of W is finite. The scalar extension from E′ to Lalg induces a lattice
isomorphism LVE′ → LVLalg . Any subquotient of VLalg is the scalar extension WLalg from
E′ to Lalg of some subquotient W of VE′ . The dimension of the commutant of WLalg is
equal to the dimension of the commutant of W . The scalar extension W ′
Lalg
from L to
Lalg of a subquotientW ′ of VL is a subquotient of VLalg . The dimension of the commutant
of W ′ is equal to the dimension of the commutant of W ′
Lalg
, hence is finite.
II.4. Proof of the lattice theorems (Theorems 2, 3, Corollary 2).
Motivated by the parabolic induction and the pro-p Iwahori invariant functor when R
is a field of characteristic p, we prove the lattice theorem (Theorem 2) which generalizes
[AHenV1, Lemma 3.11] to the setting of:
- an adjunction (F,G, η, ǫ) where F : C → D is a functor between abelian categories of
right adjoint G, η : id→ G ◦ F is the unit and ǫ : F ◦G→ id is the counit.
- W is a finite length object of C [KS, Ex. 8.20, p. 205].
Familiar notions for modules extend to abelian categories.
Lemma 3. The partially ordered set LW of subobjects of W is a lattice, i.e. for any pair
of subobjects X,X ′ of W , the common subobjects of X and of X ′ have a largest element
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X ∩ X ′ and the subobjects of W with X and X ′ as subobjects have a smallest element
X +X ′. Writing X ⊕X ′ for the direct sum we have an exact sequence
0→ (X ∩X ′)→ (X ⊕X ′)→ X +X ′ → 0.
Proof. [KS, Prop. 2.2.4, II.5.4 Axiom 3, Notations 8.3.10, II.5.Ex. 8.20] 
We prove now Theorem 2.
Proof. Step 1. As G is left exact, it defines a map of ordered sets LF (W )
G
−→ L(G◦F )(W ).
If Y1 ⊂ Y2 ⊂ W and X is the kernel of F (Y1) → F (Y2), then G(X) is the kernel of
(G ◦ F )(Y1)→ (G ◦ F )(Y2). By a) ηW is an isomorphism, so ηY is an isomorphism for all
Y ⊂W . So G(X) = 0. By b) X = 0 so F defines a map LW
F
−→ LF (W ).
The composite map LW
F
−→ LF (W )
G
−→ L(G◦F )(W ) is an isomorphism by a). So LW
F
−→
LF (W ) is injective.
Step 2. We prove Step 1 and c) implies b’) and c’). By Step 1 the image of a Jordan-
Holder sequence ofW by F has length ≥ ℓ(W ). It has length ℓ(W ) and is a Jordan-Holder
sequence of F (W ) if and only if F (Y ) is simple for any irreducible subquotient Y of W ,
i.e. c) holds. Then G(X) is simple for any simple subquotient X of F (W ) by a). So Step
1 and c) imply b’) and c’).
We prove in Steps 3, 4, 5 that b’) and c’) imply the injectivity of LF (W )
G
−→ L(G◦F )(W ),
therefore LW
F
−→ LF (W ) is a lattice isomorphism of inverse LF (W )
η−1◦G
−−−−→ LW .
Step 3. Let X be a non-zero subquotient of F (W ) of length lg(X). We prove by
induction on the length that b’) implies lg(G(X)) ≤ lg(X). Let X → X ′′ a simple
quotient of kernel X ′. Then G(X ′) is the kernel of G(X)→ G(X ′′) as G is left exact. By
c’) G(X ′′) is simple and by induction on the length, we get lg(G(X)) ≤ lg(G(X ′)) + 1 ≤
lg(X ′) + 1 = lg(X).
Step 4. If X is a non-zero subobject of F (W ), we prove that c’) and Step 3 imply
lg(G(X)) = lg(X). Seeing X as the kernel of the quotient map F (W )→ F (W )/X, G(X)
is the kernel of the quotient map (G ◦ F )(W )→ G(F (W )/X) by left exactness of G. By
Step 3, lg(G(X)) ≤ lg(X) and lg(G(F (W )/X)) ≤ lg(F (W )/X). By c’), ℓ(W ) = ℓ(F (W )).
So lg(G(X)) = lg(X) and lg(G(F (W )/X)) = lg(F (W )/X).
Step 5. Let X,X ′ be subobjects of F (W ) such that G(X) = G(X ′). We show that
Step 4 implies X = X ′. A functor between abelian categories commutes with finite direct
sums [KS, II.5. Axiom A3] and a right adjoint functor is left exact [KS, II.6.20 p.137].
Applying G to the exact sequence of Lemma 3, G(X ∩X ′) is the kernel of G(X ⊕X ′) =
G(X) ⊕ G(X ′) → G(X + X ′). By Step 4 and length count, the last map is surjective.
But then G(X +X ′) = G(X) + G(X ′). So G(X +X ′) = G(X) = G(X ′) and by length
preservation X +X ′ = X = X ′.
Step 6. We showed that the properties a), b) and c) imply the properties a), b’) and
c’). Conversely, assume the properties a), b’) and c’). As G is left exact and F (W ) has
finite length by c’), b’) implies that G(X) 6= 0 for any non-zero object of F (W ), hence
b’) and c’) imply b). We showed that a), b), b’), c’) imply that LW
F
−→ LF (W ) is a lattice
isomorphism, and in particular c). Therefore, the properties a), b) and c) hold true.
Step 7. Assume that W satisfies a), b) and c), or equivalently a), b’) and c’) by Step 6.
Clearly, a subobject of W has finite length satisfies a), b) and c) and a quotient W →W ′
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has finite length and satisfies a), c); it satisfies also b’) as F (W ′) is a quotient of F (W )
and has finite length. As b’) implies b), W ′ satisfies a), b), c). 
Proof of Theorem 3 The first assertions of the theorem are [BkiA8, §4 no4 Prop. 3, no4
Thm. 2]. If Y is stable by bW , it is clear that Y ⊗R V is stable by bW ⊗ bV . Conversely,
assume that Y ⊗R V is stable by bW ⊗ bV ; then for y ∈ Y and v ∈ V , bW y ⊗ bV v belongs
to W ⊗R V . Applying an R-linear form λ on V we see that λ(bV v)bW y belongs to Y . If
bV 6= 0 we can choose v ∈ V and λ such that λ(bV v) 6= 0 and then bW y ∈ Y .
Proof of Corollary 2We apply Theorem 3 with the endomorphisms bW and bV attached
to elements b of B′; if b ∈ B, bW = IdW so any Y is stable by bW and if b ∈ B
′ − B then
bV 6= 0 by hypothesis. The assertions of A
′-linearity are straightforward to check on the
action of B′.
Remark 5. Let F : C → D be a functor between abelian categories and W a finite length
object of C satisfying:
X 7→ F (X) : LW → LF (W ) is a lattice isomorphism.
Then any subquotient ofW satisfies the same property. Indeed, this is clear for a submod-
ule W ′ of W , and ℓ(W ′) = ℓ(F (W ′)). For any exact sequence 0 → W1 → W2 → W3 → 0
in C with W2 a subobject of W , the sequence 0→ F (W1)→ F (W2)→ F (W3)→ 0 in D is
exact by length count. Let LW2(W1) denote the lattice of subobjects Y of W2 containing
W1. The map Y 7→ F (Y ) : LW2(W1)→ LF (W2)(F (W1)) is a lattice isomorphism. Taking
the cokernels, it corresponds to a lattice isomorphism Z 7→ F (Z) : LW3 → LF (W3).
Remark 6. [Vigadjoint, Prop. 2.4], [KS, Thm. 8.5.8]:
For any adjunction (F,G, η, ǫ) between two categories,
- F is fully faithful if and only if the unit η is an isomorphism,
- G is fully faithful if and only if the counit ǫ is an isomorphism,
- the following equivalent properties imply that F,G are quasi-inverse of each other:
- F and G are fully faithful,
- F is an equivalence,
- G is an equivalence.
III. Classification theorem for G
III.1. Admissibility, K-invariant, and scalar extension.
In this section III, R is any field and G is a locally profinite group. An R[G]-module π
is smooth if π = ∪Kπ
K with K running through the open compact subgroups of G, and is
admissible if it is smooth and dimR π
K is finite for all K. Note that EndR[G] π ⊂ EndR π
K
if πK generates π so that dimR EndR[G] π is finite if dimR π
K is finite.
The category ModR(G) of R[G]-modules and the subcategory Mod
∞
R (G) of smooth
R[G]-modules are abelian, but not the additive subcategory ModR(G)
a of admissible R[G]-
modules. The subcategory ModKR (G) of R[G]-modules π generated by π
K is additive with
a generator R[K\G] is not abelian in general 3. The commutant of R[K\G] is the Hecke
R-algebra
EndR[G]R[K\G] ≃ R⊗Z H(G,K) = H(G,K)R
3If ModKR (G) is abelian and G second countable, Mod
K
R (G) is a Grothendieck category (same proof
than for ModR(G) [Vigadjoint, lemma 3.2])
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(no index if R = Z). We have the abelian category ModR(H(G,K)) of right H(G,K)R-
modules (H(G,K)-modules over R). The functor
T := −⊗H(G,K) Z[K\G] : ModR(H(G,K))→ ModR(G)
of image ModKR (G) is left adjoint to the K-invariant functor (−)
K .
The unit ǫ : idModR(H(G,K)) → (−)
K ◦ T and the counit η : T ◦ (−)K → idModKR (G)
of
the adjunction correspond to the natural maps X
ǫX−→ T (X )K , ǫX (x) = x⊗ 1 for x ∈ X ∈
ModR(H(G,K)) and T (π
K)
ηπ
−→ π, ηπ(v ⊗Kg) = gv for g ∈ G, v ∈ π
K , π ∈ ModR(G).
Lemma 4. (i) If π is admissible and simple, then dimR EndR[G] π is finite.
(i) Let R′ be an extension of R.
π is admissible if and only if the scalar extension πR′ of π from R to R
′ is admissible.
The adjoint functors T , (−)K , the unit η and the counit ǫ commute with scalar extension
from R to R′: T (X )R′ ≃ T (XR′), (π
K)R′ ≃ (πR′)
K , (ηπ)R′ ≃ ηπR′ , (ǫX )R′ ≃ ǫXR′ .
Proof. Clear. 
We deduce that if the unit (resp. counit) of the adjunction is an automorphism of
ModR(H(G,K)) (resp. Mod
K
R (G)), it is an automorphism for any subfield of R. Recalling
Remark 6:
Lemma 5. If the functor (−)K : ModKR (G)→ ModR(H(G,K)) over R is an equivalence,
then it is an equivalence for any subfield of R.
Remark 7. Assume that R is a field of characteristic p. When K is a pro-p-Iwahori
subgroup the functor (−)K of Lemma 5 is an equivalence if G = GL(2,Qp) and p 6= 2, or
if G = SL(2,Qp).
Indeed, for GL(2,Qp) this is proved with the extra-hypothesis that R contains a (p−1)-
th root of 1 ([O] plus [K]), that we can remove with Lemma 5. For G = SL(2,Qp), see
[OS, Prop. 3.25].
III.2. Decomposition Theorem for G.
Let G be a locally profinite group and let R be a field. For any irreducible admissible
R-representation π of G, its commutant D = EndR[G] π has finite dimension (Lemma 4
(ii)), and for any extension R′/R, πR′ is admissible (loc. cit.). Let R
alg be an algebraic
closure of R.
Theorem 10. a) Let π be an irreducible admissible R-representation π of G, D its com-
mutant, E the center of D and δ the reduced degree of D over E. Then πRalg has length
δ[E : R], its simple subquotients are isomorphic to submodules; they are admissible, de-
scend to a finite extension of R, their commutant is Ralg and their isomorphism classes
form a single orbit under AutR(R
alg).
b) The map which to π as above associates the AutR(R
alg)-orbit of the irreducible sub-
quotients of πRalg is a bijection from the set of (isomorphism classes of) irreducible ad-
missible R-representations of G onto the set of AutR(R
alg)-orbit of (isomorphism classes
of) irreducible admissible Ralg-representations of G descending to some finite extension of
R.
This is immediate from Theorem 1, if we remark that a submodule of the admissible
representation πRalg is also admissible. Of course we could apply the more precise results
of Theorem 1 for intermediate extensions R′/R and Corollary 1 (use Lemma 4):
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Corollary 4. Let L be an extension of R and π as in Theorem 10. Then πL has length
≤ δ[E : R], its simple subquotients are admissible.
Proof. Let Ralg ⊂ Lalg be algebraic closures of R ⊂ L. The scalar extension of π in Ralg
has length δ[E : R], the irreducible subquotients of πRalg are all absolutely irreducible
(their commutant is Ralg). Therefore πL has length ≤ δ[E : R]. Let τ be an irreducible
subquotient of πL. Then τLalg is a subquotient of πLalg . All the subquotients of πRalg are
admissible, the same is true for those of πLalg , hence τLalg is admissible. Applying Lemma
4, τ is admissible. 
III.3. The representations IG(P, σ,Q).
From now on G is a p-adic reductive group and R is a field of characteristic p.
As stated in the introduction, our base field F is locally compact non-archimedean of
residue characteristic p. A linear algebraic group over F is written with a boldface letter
like H, and its group of F -points by the corresponding ordinary letter H = H(F ). We
fix an arbitrary connected reductive F -group G, a maximal F -split torus T in G and a
minimal F -parabolic subgroup B of G containing T ; we write Z for the centralizer of T
in G and U for the unipotent radical of B, Gis for the product of the isotropic simple
components of the simply connected cover of the derived group of G; the image of Gis in
G is the normal subgroup G′ of G generated by U , and G = ZG′. Let Φ+ denote the set
of roots of T in U ∩M and ∆ ⊂ Φ+ the set of simple roots.
We say that P is a parabolic subgroup of G and write P = MN to mean that P is an
F -parabolic subgroup of G containing B , M the Levi subgroup containing Z and N the
unipotent radical; so P = MB = MN, the parabolic subgroups P of G are in bijection
P 7→ ∆P with the subsets ∆. We have G = M〈
GN〉 for the normal subgroup 〈GN〉 of
G generated by N . For J ⊂ ∆ we write PJ = MJNJ for the corresponding parabolic
subgroup such that J = ∆PJ ; for a singleton J = {α} we rather write Pα = MαNα. Set
P is for the parabolic subgroup of Gis of image P ∩G′ in G.
The smooth parabolic induction IndGP : Mod
∞
R (M) → Mod
∞
R (G) is fully faithful, and
admits a right adjoint RGP and a left adjoint L
G
P [Vigadjoint].
For a pair of parabolic subgroups Q ⊂ P , write IndMQ for Ind
M
Q∩M and consider the
Steinberg R-representation StMQ (R) of M , quotient of Ind
M
Q (R) (M ∩Q acts trivially on
R) by the sum
∑
Q′ Ind
M
Q′(R), Q
′ running through the parabolic subgroups of G with
Q ( Q′ ⊂ P . The R-representation StMQ (R) of M is irreducible and admissible.
Writing StMQ = St
M
Q (Z), St
M
Q (R) ≃ R ⊗Z St
M
Q . If P2 = M2N2 is the parabolic sub-
group corresponding to ∆P \∆Q, the inflation to M
is
2 of the restriction of St
M
Q to M
′
2 is
St
M is2
(Q∩M2)is
(R) [AHHV, II.8 Proof of Proposition and Remark]. This is true for all R so
StMQ (R) as an R-representation of M
′
2 is absolutely irreducible.
To an R-representation σ of M are associated the following parabolic subgroups of G:
a) Pσ = MσNσ corresponding to the set ∆σ of α ∈ ∆ \ ∆M such that Z ∩M
′
α acts
trivially on σ.
b) P (σ) = M(σ)N(σ) corresponding to ∆(σ) = ∆P ∪ ∆σ. There exists an extension
e(σ) to P (σ) of the inflation of σ to P ; it is trivial on N(σ), write also e(σ) for its
restriction to M(σ) [AHHV, II.7 Proposition and Remark 2]. For P ⊂ Q ⊂ P (σ), the
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generalized Steinberg representation St
M(σ)
Q (σ) ofM(σ) (§I (3.2)) is admissible, isomorphic
to e(σ) ⊗Z StQ .
c) Pmin = MminNmin the minimal parabolic subgroup of G contained in P such that
σ extends an R-representation σmin of Pmin trivial on Nmin [AHenV1, Lemma 2.9],
[AHenV2, §2.2]. We have ∆(σmin) = ∆(σ), eQ(σ) = eQ(σmin), ∆σmin and ∆σmin \∆Pmin
are orthogonal. So M(σ) = MminM
′
σmin
, Mmin normalizes M
′
σmin
, and e(σ) is trivial on
M ′σmin .
When P (σ) = G, write Pmin,2 = Pσmin so G = MminM
′
min.2, Mmin normalizes M
′
min,2.
For a parabolic subgroup Q of G containing Q, the action of M ′2 on e(σ) is trivial and is
absolutely irreducible on StGQ(R).
Definition 1. An R-triple (P, σ,Q) of G consists of a parabolic subgroup P =MNof G,
a smooth R-representation σ of M , a parabolic subgroup Q of G with P ⊂ Q ⊂ P (σ). To
an R-triple (P, σ,Q) of G we attach the smooth R-representation of G
IG(P, σ,Q) = Ind
G
P (σ)(St
M(σ)
Q (σ)).
The representation IG(P, σ,Q) = IG(Pmin, σmin, Q) is admissible when σ is admissible
[AHenV1, Thm.4.21].
Proposition 1. Let (P, σ,Q) be an R-triple of G with σ admissible of finite length such
that for each irreducible subquotient τ of σ, P (σ) = P (τ) and IG(P, τ,Q) is irreducible.
Then P (σ) = P (σ′) for any non-zero subrepresentation σ′ of σ, and IG(P,−, Q) induces
a lattice isomorphism Lσ → LIG(P,σ,Q).
Proof. Clearly P (σ) ⊂ P (σ′). As σ′ has finite length, it contains an irreducible subrepre-
sentation τ . From P (σ) ⊂ P (σ′) ⊂ P (τ) and P (σ) = P (τ), we get P (σ) = P (σ′).
We are in the situation of Theorem 3 with A = R[M ′σ] ⊂ A = R[M(σ)] with the basis
given by M(σ), the R-representations St
M(σ)
Q (R) and e(σ) of M(σ). So the natural maps
e(σ)→ HomRM ′σ(St
M(σ)
Q (R), St
M(σ)
Q (σ))
HomRM ′σ(St
M(σ)
Q (R), St
M(σ)
Q (σ)) ⊗R St
M(σ)
Q (σ)→ St
M(σ)
Q (σ)
are isomorphisms of R-representations of M(σ), and we have the lattice isomorphism
σ′ 7→ St
M(σ)
Q (σ
′) : Lσ → LStM(σ)
Q
(σ)
.
As [Vigadjoint] the functor IndGP (σ) : ModR(M(σ)) → ModR(G) is exact fully faithful of
right adjoint RG
P (σ), the unit of the adjunction is an isomorphism (Remark 6). The length
St
M(σ)
Q (σ) is equal to the (finite) length of σ, and its irreducible subquotients are St
M(σ)
Q (τ)
for the irreducible subquotients τ of σ; if IndGP (σ)(St
M(σ)
Q (τ)) = IG(P, τ,Q) is irreducible
for all τ , we are in the situation of Theorem 2 for F = IndGP (σ) and W = St
M(σ)
Q (σ), so
the map σ′ 7→ IG(P, σ
′, Q) : Lσ → LIG(P,σ,Q) is a lattice isomorphism. 
Remark 8. IG(P, σ,Q) determines the isomorphism class of e(σ) because
e(σ) ≃ HomRM ′σ(St
P (σ)
Q (R), R
G
P (σ)(IG(P, σ,Q)))
(proof of Prop. 1 and RG
P (σ)(IG(P, σ,Q)) ≃ St
P (σ)
Q (σ)).
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We check now that the different steps of the construction of IG(P, σ,Q) commute with
scalar extension.
Recalling that, for any commutative rings R ⊂ R′, the scalar extension from R to R′ is
the left adjoint of the scalar restriction from R′ to R and that for a field extension R′/R
of characteristic p, the functor IndGP is fully faithful, we have:
Proposition 2. (i) For any commutative rings R ⊂ R′, the parabolic induction commutes
with the scalar restriction from R′ to R and with the scalar extension from R to R′. Hence
the left (resp. right) adjoint of the parabolic induction commutes with scalar extension
(resp. restriction).
(ii) Let R′/R be an extension of fields of characteristic p. Let σ′ ∈ Mod∞R′(M) and
π ∈ Mod∞R (G) of scalar extension πR′ from R to R
′ isomorphic to IndGP (σ
′). Then σ′ is
isomorphic to the scalar extension (LGPπ)R′ of L
G
P (π) from R to R
′.
Remark 9. On admissible representations RGP is the Emerton’s ordinary functor. We
do not know if the ordinary functor admits a right adjoint or if it commute with scalar
extension.
Proposition 3. [Strong compatiblity of IG(P,−, Q) with scalar extension]
Let (P, σ,Q) be an R-triple of G.
(i) Let R′/R be an extension. Then
P (σ) = P (σR′), (P, σR′ , Q) is an R
′-triple of G. If σ is irreducible and σ′ is a snon-zero
ubquotient of σR′ , then P (σ) = P (σ
′).
(e(σ))R′ = e(σR′), St
P (σ)
Q (σ)R′ ≃ St
P (σ)
Q (σR′) and IG(P, σ,Q)R′ ≃ IG(P, σR′ , Q).
(ii) Let R′ a subfield of R. If e(σ) or St
P (σ)
Q (σ) or IG(P, σ,Q) descends to R
′, then σ
descends to R′.
If e(σ), resp. St
P (σ)
Q (σ), resp. IG(P, σ,Q), is the scalar extension of an R
′-representation
τ ′, resp. ρ′, resp. π′, then σ is the scalar extension of the natural R′-representation of M
on τ ′, resp. HomRM ′σ(St
P (σ)
Q (R), ρ
′), resp. HomRM ′σ(St
P (σ)
Q (R), L
G
P (σ)π
′).
Proof. (i) As an R-representation, σR′ is the direct sum of R-representations isomorphic
to σ. If σ is irreducible, any subquotient σ′ of σR′ is σ-isotypic. For α ∈ ∆−∆P , Z ∩M
′
α
acts trivially on an R′-representation τ if and only if it acts trivially on τ seen as an
R-representation. So P (σ) = P (σR′) (hence (P, σR′ , Q) is an R
′-triple of G), and if σ is
irreducible P (σ) = P (σ′). It is clear from the definition that the extension commutes with
scalar extension (e(σ))R′ = e(σR′).
(ii) If IG(P, σ,Q) = π
′
R, we have St
P (σ)
Q (σ) ≃ (L
G
P (σ)π
′)R (Proposition 2). If St
P (σ)
Q (σ) ≃
ρ′R, we have e(σ) ≃ (HomR′M ′σ(St
P (σ)
Q (R
′), ρ′)R because e(σ) ≃ HomRM ′σ (St
P (σ)
Q (R
′)R, ρ
′
R)
(proof of Prop. 1). If e(σ) ≃ τR then σ ≃ (τ |M )R because the restriction to M commutes
with scalar extension. 
III.4. Supersingular representations.
In the setting of §III.3 with an algebraically closed field R of characteristic p, the
definition of supersingularity for an irreducible admissible R-representation of G [AHHV]
uses the Hecke algebras of the irreducible smooth R-representations of the special parahoric
subgroups of G. It is shown in [OV] that this definition is equivalent to a simpler one using
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only the pro-p Iwahori Hecke R-algebra of G. This latter definition has the advantage to
extend easily to the non-algebraically closed case.
Let R be a field of characteristic p. Let I be a pro-p Iwahori subgroup of G compatible
with B, so that I∩M is a pro-p Iwahori subgroup ofM for a parabolic subgroup P =MN
(recall that M contains Z, and that the M are parametrized by the subsets J = ∆M of
∆). The pro-p Iwahori Hecke ring H(G, I) = H(G), the pro-p Iwahori Hecke R-algebra
H(G)R, the categories ModR(H(G)) and Mod
∞
R (G) are defined as in §III.1.
The group Z1 = I ∩ Z is the pro-p Sylow subgroup of the unique parahoric subgroup
Z0 of Z and Zk = Z0/(I ∩ Z) is finite of order prime to p. The elements in H(G) with
support in G′ form a subring H(G′) normalized by a subring of H(G) isomorphic to Z[Ω]
for a commutative finitely generated subgroup Ω, and
H(G) ≃ H(G′)Z[Ω], H(G′) ∩ Z[Ω] ≃ Z[Z ′k], Z
′
k = (Z0 ∩G
′)/(I ∩G′).
To M is associated a certain element TM in H(G
′) which is central in H(G) [VigpIwss].
Definition 2. 1. A (right) H(G)R-module X is called supersingular if, for all M 6= G,
the action of TM on X is locally nilpotent.
2. A smooth irreducible R-representation π ∈ Mod∞R (G) is called supersingular if the
right H(G)R-module π
I ∈ ModR(H(G)) is supersingular.
When π is admissible, the definition is equivalent to the definition of [AHHV] by [OV].
Remark 10. 1. Let 0 → V ′ → V → V ′′ → 0 be an exact sequence of H(G)R-modules.
Then V is supersingular if and only if V ′ and V ′′ are supersingular.
2. When R contains a root of unity of order the exponent of Zk, the simple supersingular
H(G)R-modules are classified [VigpIwss, Thm. 6.18]. As H(G
′)R-modules, they are sums
of supersingular characters.
3. The group Aut(R) of automorphisms of R acts on ModR(G) and on ModR(H(G)).
Clearly the action of Aut(R) commutes with the I-invariant functor, and respects super-
singularity, irreducibility, and admissibility.
We check easily that supersingularity commutes with scalar extension:
Lemma 6. Let R′/R an extension, X ∈ ModR(H(G)), π ∈ Mod
∞
R (G) irreducible and π
′
an irreducible subquotient of πR′ . Then X is supersingular if and only if XR′ is, and π is
supersingular if and only if π′ is.
Proof As an H(G)R-module, XR′ is a direct sum of modules isomorphic to X . As an
R-representation of G, π′ is a direct sum of representations isomorphic to π. .
Remark 11. Let σ be an irreducible supersingular R-representation of M . The scalar
extension σRalg satisfies the conditions of Proposition 1: all irreducible subquotients τ of
σRalg are supersingular (Lemma 6), P (τ) = P (σ) = P (σRalg ) (Prop.3 (i)), and IG(P, τ,Q)
is irreducible (Classification theorem for G over Ralg [AHHV]).
III.5. Classification of irreducible admissible R-representations of G. Let R be a
field of characteristic p of algebraic closure Ralg. We prove in this section the classification
theorem for G (Theorem 4). The arguments are formal and rely on the properties:
1 The decomposition theorem for G (Thm.10).
2 The classification theorem for G (Thm.4) over Ralg [AHHV].
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3 The compatibility of the scalar extension to Ralg with supersingularity (Lem.6) and
the strong compatibility with IG(P,−, Q) (Prop.3).
4 The lattice isomorphism Lσ
Ralg
→ LIG(P,σRalg ,Q) for the scalar extension σRalg to R
alg
of an irreducible admissible supersingular R-representation σ (Prop.1 and Rem.11).
We start the proof with an arbitrary irreducible admissible R-representation π of G. By
the decomposition theorem for G, the scalar extension πRalg has finite length; we choose
an irreducible subrepresentation πalg of πRalg . By the decomposition theorem for G, π
alg
is admissible, descends to a finite extension of R. By the classification theorem over Ralg,
πalg ≃ IG(P, σ
alg, Q)
for an Ralg-triple (P = MN,σalg, Q) of G with σalg irreducible admissible supersingular.
By the strong compatibility of IG(P,−, Q) with scalar extension, σ
alg descends to a finite
extension of R. By the decomposition theorem for M , σalg is contained in the scalar
extension σRalg of an irreducible admissible R-representation σ. By compatibility of the
scalar extension with supersingularity and IG(P,−, Q), (P, σ,Q) is an R-triple of G, σ is
supersingular and IG(P, σRalg , Q) ≃ IG(P, σ,Q)Ralg . By the lattice isomorphism LσRalg →
LIG(P,σRalg ,Q), IG(P, σ
alg, Q) is contained in IG(P, σRalg , Q). As an irreducible subquotient
πalg of πRalg is isomorphic to an irreducible subquotient IG(P, σ
alg, Q) of IG(P, σ,Q)Ralg ≃
IG(P, σRalg , Q), the decomposition theorem for G implies that
π ≃ IG(P, σ,Q).
Conversely, let (P = MN,σ,Q) be an R-triple of G with σ irreducible admissible
supersingular. We show that IG(P, σ,Q) is irreducible. By the decomposition theorem
for M , σRalg has finite length, IG(P, σRalg , Q) also by the lattice isomorphism LσRalg →
LIG(P,σRalg ,Q), IG(P, σ,Q)Ralg ≃ IG(P, σRalg , Q) and the scalar extension is faithful and ex-
act, hence IG(P, σ,Q) has also finite length. Let π be an irreducible R-subrepresentation
of IG(P, σ,Q). As IG(P, σ,Q) is admissible, π is admissible. The scalar extension πRalg
is isomorphic to a subrepresentation of IG(P, σ,Q)Ralg ≃ IG(P, σRalg , Q). By the lat-
tice isomorphism Lσ
Ralg
→ LIG(P,σRalg ,Q), πRalg ≃ IG(P, ρ,Q) for a subrepresentation ρ
of σRalg . The representation ρ descends to R because IG(P, ρ,Q) does, by the strong
compatibility of IG(P,−, Q) with scalar extension. But σRalg has no proper subrep-
resentation descending to R by the decomposition theorem for G, so ρ = σRalg and
πRalg = IG(P, σRalg , Q) ≃ IG(P, σ,Q)Ralg , or equivalently, π ≃ IG(P, ρ,Q).
Finally, let (P, σ,Q) and (P1, σ1, Q1) be two R-triples ofG with σ, σ1 irreducible admissi-
ble supersingular and IG(P, σ,Q) ≃ IG(P1, σ1, Q1). By scalar extension IG(P, σRalg , Q) ≃
IG(P1, (σ1)Ralg , Q1). The classification theorem over R
alg implies P = P1, Q = Q1 and
some irreducible subquotient σalg of σRalg is isomorphic to some irreducible subquotient
σalg1 of (σ1)Ralg . As R-representations of G, σ
alg is σ-isotypic and σalg1 is σ1-isotypic, hence
σ, σ1 are isomorphic. This ends the proof of the classification theorem for G (Theorem 4).
IV. Classification theorem for H(G)
As in §III.3, G is a p-adic reductive group and R is a field of characteristic p. As in
§III.4, I is a pro-p Iwahori subgroup of G compatible with B, H(G) is the pro-p Iwahori
Hecke ring, H(G)R the pro-p Iwahori Hecke R-algebra, Z1 the pro-p Sylow of the unique
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parahoric subgroup Z0 of Z, Zk = Z0/Z1. In this section we prove for the right H(G)R-
modules the results analogous to those of Section §III. Although H(G) and G are related
by the I-invariant functor or its left adjoint, this relation in characteristic p does not
satisfy the same properties than in the complex case and does not permit to deduce the
case of the pro-p Iwahori Hecke algebra from the case of the group: the similar results for
H(G) and G have to be proved separately.
IV.1. Pro-p Iwahori Hecke ring.
The center Z(H(G)) of the pro-p Iwahori Hecke ring H(G) is a finitely generated ring
and H(G) is a finitely generated module over its center; the same is true for the R-algebra
H(G)R and its center Z(H(G)R) = Z(H(G))R [VigpIwc]. This implies that the dimension
over R of a simple H(G)R-module is finite [Hn, 2.8 Prop.].
Let P = MN be a parabolic subgroup of G (containing B as in SIII.3). The pro-p
Iwahori Hecke ring H(M) for the pro-p Iwahori subgroup IM = I ∩M of M (§III.4) does
not embed in the ring H(G). However we are in the good situation where H(M) is a
localization of a subring H(M+) (of elements supported in the monoid M+ := {m ∈
M | m(I ∩ N)m−1 ⊂ I ∩ N}) which embeds in H(G). We explain this in more details
after introducing some notations [VigpIw].
An index M indicates an object defined for M ; for G we supress the index. We write
NM for the F -points of the normalizer of T in M, WM = NM/Z1, WM ′ for the image of
M ′ ∩ NM in WM , Λ = Z/Z1, ℓM for the length of WM , ΩM for the image in WM of the
m ∈ NM normalizing IM ; ΩM is the set of u ∈WM of length ℓM(u) = 0.
The natural mapWM → IM\M/IM is bijective,WM =WM ′ΩM ,WM ′∩ΩM =WM ′∩Zk,
WM ′ is a normal subgroupWM and a quotient ofWM is (via the quotient mapM
is →M ′).
For m ∈ M and w = w(m) ∈ WM image of m1 ∈ NM such that IMmIM = IMm1IM
(denoted also IMwIM ), the characteristic function of IMmIM seen as an element of
H(M) is written TM (m) = TM (w). We have also the elements TM,∗(m) = TM,∗(w) in
H(M) defined by TM,∗(w)TM (w−1) = [IMwIM : IM ] [VigpIw, Prop.4.13]. For u ∈ ΩM ,
T ∗(u) = T (u) is invertible of inverse T (u−1). The Z-module H(M) is free of natural
basis (TM (w))w∈WM and of ∗-basis (T
M,∗(w))w∈WM . For the subring H(M
′), the same
is true with WM ′ . The natural basis and the ∗-basis satisfy the same braid relations for
w1, w2 ∈WM , ℓM (w) = ℓM (w1) + ℓM (w2) and the same quadratic relations with a change
of sign for s ∈WM ′ , ℓM (s) = 1:
TM(w1)T
M (w2) = T
M (w1w2), T
M,∗(w1)T
M,∗(w2) = T
M,∗(w1w2),
TM(s)2 = qs + csT
M (s), TM(s)2 = qs − csT
M (s)
where qs = [IMsIM : IM ] ≡ 0 modulo p and cs ∈ H(Z0 ∩M
′) (the subring of elements
supported on Z0), cs ≡ −1 modulo the ideal of H(Z0 ∩M
′) generated by p and T (u)− 1
for u ∈ Zk ∩WM ′ [VigpIw]. Both qs and cs do not depend on M but ℓM depends on M ,
The quotient map WM is →WM ′ respects the length and the coefficients of the quadratic
relations, the surjective natural linear map H(M is) → H(M ′) is a ring homomorphism
sending TM
is
(w) to TM (w′) and TM
is,∗(w) to TM,∗(w′) if w ∈ WM is goes to w
′ ∈ WM ′
by the quotient map.
The injective linear maps associated to the bases
TM(m) 7→ T (m) : H(M)
θG
M−−→ H(G), TM,∗(m) 7→ T ∗(m) : H(M)
θ
G,∗
M−−−→ H(G),
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generally do not respect the product but their restrictions to the subrings H(M+) and
H(M−) (of elements supported on the inverse monoid M− of M+) do.
Remark 12. 1. For P ⊂ Q =MQNQ, we have inclusions: if ǫ ∈ {+,−}, then
M ǫ ⊂M ǫQ, θ
G
M(H(M
ǫ)) ⊂ θGMQ(H(M
ǫ
Q)), θ
G,∗
M (H(M
ǫ)) ⊂ θG,∗MQ(H(M
ǫ
Q)).
2. When ∆M is orthogonal to ∆ \ ∆M the situation is simpler. Denoting by P2 =
M2N2 the parabolic subgroup of G corresponding to ∆ \ ∆M , we have: G
′ is the direct
product of M ′ and of M ′2, M
′ ⊂ M+ and M ′2 ⊂ M
+
2 , G = MM
′
2, W = WM ′2WM ′Ω and
WM ′2 ∩ WM ′Ω = WM ′2 ∩ Zk, the length ℓ = ℓG is equal to ℓM on WM ′ and to ℓM2 on
WM ′2 . For w ∈WM ′ , w2 ∈WM ′2 , u ∈ Ω, ℓ(w) + ℓ(w2) = ℓ(ww2u). The braid and quadratic
relations satisfied by T (w) for w ∈WM are the same than for T
M (w), also for the ∗-basis,
and for M2. The maps θ
G
M and θ
G,∗
M (resp. θ
G
M2
and θG,∗M2 ) are equal, respect the product,
and H(M ′)×H(M ′2)
θGM×θ
G
M2−−−−−→ H(G′) is a ring isomorphism.
IV.2. Parabolic induction Ind
H(G)
P .
The parabolic induction functor:
(2.4) Ind
H(G)
P := −⊗H(M+),θGM
H(G) : ModR(H(M))→ ModR(H(G))
corresponds via the pro-p Iwahori invariant functor to IndGP : Mod
∞
R (M) → Mod
∞
R (G)
[OV, Prop.4.4]:
(−)I ◦ IndGP ≃ Ind
H(G)
P ◦(−)
I∩M : Mod∞R (M)→ Mod
∞
R (H(G)).
The parabolic induction functor Ind
H(G)
P has a right adjoint R
H(G)
P and a left adjoint
L
H(G)
P [VigpIwst]. The right adjoint functors of Ind
G
P and of Ind
H(G)
P correspond via pro-p
Iwahori invariant functor
(−)I∩M ◦RGP ≃ R
H(G)
P ◦ (−
I) : ModR(G)→ Mod
∞
R (H(M)),
but the left adjoint functors do not [OV]. As −⊗H(M+),θH(G) ≃ HomH(M+),θ∗(H(G),−)
(Proposition 8 in the appendix below), the left and right adjoints of Ind
H(G)
P are
L
H(G)
P ≃ −⊗H(M+),θG,∗
M
H(M), R
H(G)
P = HomH(M+),θGM
(H(M),−).(2.5)
Remark 13. For the pro-p Iwahori Hecke algebra, the left adjoint L
H(G)
P being a local-
ization is exact but for the group, the left adjoint LGP is not.
Proposition 4. Let R be a field of characteristic p. For two parabolic subgroups P =
MN,P1 =M1N1 of G (containing B),
(i) R
H(G)
P1
◦ Ind
H(G)
P ≃ Ind
H(M1)
P∩P1
◦R
H(M)
P∩P1
.
(ii) L
H(G)
P1
◦ Ind
H(G)
P ≃ Ind
H(M1)
P∩P1
◦L
H(M)
P∩P1
.
(iii) The parabolic induction Ind
H(G)
P is fully faithful.
Proof. (i) is equivalent to the same relation for the parabolic coinduction and its right
adjoint, which is proved in [Abeparind, Prop. 5.1]. What we call parabolic coinduction
is denoted by IP in [Abeparind, §4] (and called parabolic induction). The equivalence
follows from the isomorphism [VigpIwst, Thm.1.8], [Abeparind, Prop.2.21] :
IP op ◦ nwMwG ≃ Ind
H(G)
P
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where
w 7→ nw : W → W is an injective homomorphism from the Weyl group W of ∆ to W
satisfying the braid relations (there is no canonical choice), wM is the longest element of
the Weyl group of ∆M = ∆P for any parabolic subgroup P =MN of G.
P op = MopNop denotes the parabolic subgroup of G (containing B) with ∆Mop =
∆P op = wGwP (∆P ) = wG(−∆P ) (image of ∆P by the opposition involution [T, 1.5.1]).
The ring isomorphism [Abe, §4.3]
H(M)→ H(Mop) TMw 7→ T
Mop
nwGwMwn
−1
wGwM
for w ∈WM ,
induces by functoriality a functor ModR(H(M
op))
nwGwM (−)−−−−−−−→ ModR(H(M)) of inverse
ModR(H(M))
nwMwG (−)−−−−−−−→ ModR(H(M
op)), as nwGwMop = nwPwG = n
−1
wGwP
.
(ii) This follows from (i) by left adjunction and exchanging P,P1.
(iii) This follows from (ii) when P1 = P . As the functorial morphism L
H(G)
P ◦Ind
H(G)
P →
id is an isomorphism, Ind
H(G)
P is fully faithful [Vigadjoint, Prop.2.4]. 
IV.3. The H(G)R-module St
H(G)
Q (V).
Let V be a non-zero right H(M)-module over R. We denote PV = MVNV , P (V) =
M(V)N(V) the parabolic subgroups of G corresponding to [Abe] [AHenV2, Def.4.12]:
∆V = {α ∈ ∆ orthogonal to ∆M , v = vT
M,∗(z) for all v ∈ V, z ∈ Z ∩M ′α},
∆(V) = ∆M ∪∆V . The orthogonality of ∆M and ∆ν implies that M(V) =MMV .
There is a right H(M(V))R-module e(V) equal to V as an R-vector space, where
TM(V),∗(m) acts like TM,∗(m) for m ∈M and acts trivially for m ∈M ′V [AHenV2, Def.3.8
and remark before Cor. 3.9], called the extension of V to H(M(V)); we say that V is
the restriction of e(V) to H(M). For P ⊂ Q = MQNQ ⊂ P (V), we define similarly the
extension eQ(V) of V to H(MQ).
Remark 14. The extension to H(M(V)) gives a lattice isomorphism LV → Le(V).
Lemma 7. Assume that ∆M is orthogonal to ∆ \∆M and let P2 = M2N2 correspond to
∆2 := ∆ \∆M .
For any right H(G)R-module X extending an H(M)R-module and any right H(G)R-
module Y extending an H(M2)R-module, there is a structure of right H(G)R-module on
- X ⊗R Y where the ∗ basis of H(G) acts diagonally,
- Homθ∗(H(M ′2))(Y,X ⊗R Y), where T
∗(w) acts by (T ∗(w)X ⊗T
∗(w)Y ) ◦−◦ (T
∗(w)Y)
−1
for w ∈WM ′Ω and trivially for w ∈WM ′2.
Proof. When ∆M is orthogonal to ∆\∆M , on an H(G)R-module X extending an H(M)R-
module, the action T ∗(w)X of T
∗(w) for w ∈ WM ′ is trivial, hence T
∗(wu)X = T
∗(u)X is
invertible for u ∈ Ω (§IV.1).
For X ⊗R Y see [AHenV2, Prop.3.15], [AHenV2, Cor.3.17].
For Z = Homθ∗(H(M ′2))(Y,X ⊗R Y), we check that the T
∗(w)Z for w ∈ W respect the
braid and quadratic relations (§IV.1). The braid relations follow from W = WM ′2WM ′Ω
and T ∗(ww2u) = T
∗(w)T ∗(w2)T
∗(u) if w ∈ WM ′ , w2 ∈ WM ′2 , u ∈ Ω. For the quadratic
relations, let s2 ∈ WM ′2 and s ∈WM ′ of length 1. Then T
∗(s2)X , T
∗(s2)Z and T
∗(s)Y are
the identity. As T ∗(s2)
2
Z = −T
∗(s2)Z and −c(s)Z is the identity, T
∗(s2)Z satisfies the
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quadratic relation. As T ∗(s)Z(f) = (T
∗(s)X ⊗ idY)(f) for f ∈ cz, T
∗(s)Z satisfies the
quadratic relation. 
The right H(G)-module St
H(G)
P := (St
G
P )
I is called a Steinberg H(G)-module and
StGP (R) := R ⊗Z St
G
P a Steinberg H(G)R-module. When P ⊂ Q = MQNQ, we write
St
H(Q)
P := St
H(MQ)
P∩MQ
; recall that (IndGQ(R))
I ≃ Ind
H(G)
Q (R). It is known that [Ly]:
- St
H(G)
P (R) is absolutely simple and isomorphic to the cokernel of the natural map
(3.6) ⊕P(Q⊂G (Ind
G
Q(R))
I → (IndGP (R))
I .
- T ∗(z) acts trivially on Ind
H(G)
P (Z),St
H(G)
P for z ∈ Z ∩M
′ [AHenV2, Ex.3.14].
- When P (V) = G, P2 =M2N2 as in Lemma 7 and P ⊂ Q, we have (St
G
Q)
I = (StGQ)
I∩M ′2
[AHenV2, §4.2, proof of theorem 4.7],
e(V)⊗R Ind
H(G)
Q (R), e(V) ⊗R St
H(G)
Q (R), Homθ∗(H(M ′2))(e(V),St
H(G)
Q (V))
are right H(G)R-modules for the diagonal action of (T
∗(w))w∈W on the first two ones, and
for T ∗(w) acting on the other one by T ∗(w) ◦−◦ (T ∗(w)e(V))
−1 for w ∈WM ′Ω and by the
identity for w ∈WM ′2 (Lemma 7). We have an H(G)R-isomorphism ([AHenV2, Prop.4.5]
where it is explicited):
(3.7) Ind
H(G)
Q (eQ(V)) ≃ e(V) ⊗ (Ind
G
Q(R))
I .
These isomorphisms for P ⊂ Q ⊂ Q1 and the inclusion (Ind
G
Q1
(R))I ⊂ (IndGQ(R))
I give an
injective H(G)R-isomorphism Ind
H(G)
Q1
(eQ1(V))
ιG(Q,Q1)
−−−−−−→ Ind
H(G)
Q (eQ(V)).
The cokernel St
H(G)
Q (V) of the H(G)R-map
(3.8) ⊕Q(Q1⊂G Ind
H(G)
Q1
(eQ1(V))
⊕Q(Q1⊂G ι
G(Q,Q1)
−−−−−−−−−−−−→ Ind
H(G)
Q (eQ(V))
is isomorphic to e(V) ⊗R St
H(G)
Q (R) [AHenV2, Cor.3.17, Cor.3.6].
Proposition 5. Assume P (V) = G and P ⊂ Q.
1. The natural maps e(V)→ HomH(M ′2)R(St
H(G)
Q (R),St
H(G)
Q (V)) and
HomH(M ′2)R(St
H(G)
Q (R),St
H(G)
Q (V))⊗Z St
H(G)
Q → St
H(G)
Q (V) are H(G)R-isomorphisms.
2. The map Y 7→ Y ⊗R St
H(G)
Q (R) : Le(V) → LStH(G)
Q
(V)
is a lattice isomorphism of
inverse X → {y ∈ e(V), y ⊗Z St
H(G)
Q ⊂ X}.
Proof. We are in the setting of Theorem 3 for A = H(M ′2)R ≃ θ(H(M
′
2)R) ⊂ A
′ = H(G)R
with the ∗- basis, the right H(G)R-module St
H(G)
Q (R) = e(St
H(M2)
Q (R)), absolutely simple
as an θ(H(M ′2)R)-module where T
∗
w for w ∈W \WM ′2 (contained inWM ′Ω) acts invertibly,
and the right H(G)R-module e(V) where T
∗
w for w ∈WM ′2 acts by the identity. 
IV.4. The module IH(G)(P,V, Q).
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Definition 3. An R-triple (P,V, Q) of H(G) consists of a parabolic subgroup P = MN
of G, a right H(M)R-module V, Q a parabolic subgroup of G with P ⊂ Q ⊂ P (V). To an
R-triple (P,V, Q) of H(G) corresponds a right H(G)R-module
IH(G)(P,V, Q) = Ind
H(G)
P (V) (St
H(M(V))
Q (V))
isomorphic to the cokernel of the H(G)R-homomorphism
⊕Q(Q1⊂P (V) Ind
H(G)
Q1
(eQ1(V))
⊕Q(Q1⊂P (V) ι
G(Q1,Q)
−−−−−−−−−−−−−−→ Ind
H(G)
Q (eQ(V))
where ιG(Q1, Q) = Ind
H(G)
P (V) (ι
M(V)(Q ∩M(V), Q1 ∩M(V))).
We can recover e(V) from IH(G)(P,V, Q) and P (V):
(4.9) e(V) ≃ HomH(M ′
V
),θ∗(St
H(M(V))
Q (R), L
H(G)
H(M(V))(IH(G)(P,V, Q)))
by Proposition 5 and Proposition 4(iii):
(4.10) L
H(G)
H(M(V))(IH(G)(P,V, Q))) ≃ St
H(M(V))
Q (V)
Proposition 6. Let (P,V, Q) be an R-triple of H(G) with V of finite length and such that
for each irreducible subquotient τ of V, P (V) = P (τ) and IH(G)(P, τ,Q) is simple. Then
P (V) = P (V ′) for any non-zero H(M)R-submodule V
′ of V; the map V ′ 7→ IH(G)(P,V
′, Q) :
LV → LIH(G)(P,V ,Q) is a lattice isomorphism.
Proof. P (V) = P (V ′) is proved as Proposition 1. We are in the situation of Theorem
3 when A = H(M ′V)R ≃ θ(H(M
′
V)R) ⊂ A
′ = H(M(σ))R with the ∗-basis, the R-
representations St
H(M(V))
Q (R) and e(V) of M(V). So St
H(M(V))
Q (V) has finite length, and
its irreducible subquotients are St
H(M(V))
Q (τ) for the irreducible subquotients τ of V. If
IG(P, τ,Q) = Ind
G
P (V)(St
M(V)
Q (τ)) is irreducible for all τ , we are in the situation of Theo-
rem 2 for F = Ind
H(G)
P (V) and W = St
H(M(V))
Q (V) because Ind
H(G)
P (V) has a right adjoint and is
exact fully faithful (Proposition 4 (iii)) so the map V ′ 7→ IG(P,V
′, Q) : LV → LIG(P,V ,Q) is
a lattice isomorphism. 
We check now that the compatibility of IH(G)(P,V, Q) with scalar extension, as for
IG(P, σ,Q) (Proposition 3).
Proposition 7. (i) Let R′/R be a field extension. The parabolic induction commutes with
the scalar restriction from R′ to R and with the scalar extension from R to R′. Hence the
left (resp. right) adjoint of the parabolic induction commutes with scalar extension (resp.
restriction). This is valid for any commutative rings R ⊂ R′.
(ii) Let R′/R be a field extension. For an H(M)R′ -module V
′ and an H(G)R-module
X such that Ind
H(G)
P V
′ ≃ XR′ , we have V
′ ≃ (L
H(G)
P X )R′ .
(ii) Let R′/R be an extension. For an R-triple (P,V, Q) of H(G) we have:
P (V) = P (VR′); if V is simple and V
′ a subquotient of VR′ , then P (V) = P (V
′).
(e(V))R′ = e(VR′), St
P (V)
Q (V)R′ ≃ St
P (V)
Q (VR′), and IH(G)(P,V, Q)R′ ≃ IH(G)(P,VR′ , Q).
(iii) Let R′ be a subfield of R and (P,V, Q) an R-triple of H(G) such that e(V), resp.
St
H(M(V))
Q (V), resp. IH(G)(P,V, Q), is the scalar extension of a H(M(V))R′ -module τ ,
resp. ρ, resp. a H(G)R′ -module π.
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Then V is the scalar extension to R of the natural action of H(M)R′ on τ , resp.
St
P (V)
Q (ρ), resp. HomH(M ′V )R(St
P (V)
Q (R), L
H(G)
P (σ) π).
Proof. (i) As for the group (Prop. 2). it is clear that the parabolic induction (3.7)
commutes with the scalar restriction from R to R′ and with the scalar extension from R′
to R. Hence the left (resp. right) adjoint of the parabolic induction commutes with scalar
extension (resp. restriction).
(ii) Let V be anH(M)R-module. As anH(M)R-module, VR′ is V-isotypic and this holds
true for any subquotient V ′ of VR′ if V is simple. For α ∈ ∆ orthogonal to ∆P , T
M,∗(z)
for z ∈ Z ∩M ′α acts trivially on H(M)R′ -module if and only if it acts trivially on this
module seen as an H(M)R-module. So P (V) = P (VR′) and if V is simple P (V) = P (V
′).
It is clear that (e(V))R′ ≃ e(VR′). As
e(V) ⊗R St
H(M(V))
Q (R) ≃ e(V)⊗Z St
H(M(V))
Q ≃ St
H(M(V))
Q (V),
we have St
H(M(V))
Q (V)R′ ≃ St
H(M(V))
Q (VR′). As Ind
H(G)
P commutes with scalar extension
(i), we have IH(G)(P,V, Q)R′ = (Ind
H(G)
P (V) (St
H(M(V))
Q (V)))R′ ≃ IH(G)(P,VR′ , Q).
(iii) If IH(G)(P,V, Q) = πR then St
H(M(V))
Q (V) = ρR where ρ ≃ L
H(G)
H(M(V))(π) by (i) and
(4.10).
If St
H(M(V))
Q (V) = ρR, then e(V) = τR where τ ≃ HomH(M ′V )R′ (St
H(M(V))
Q (R
′), ρ) as
e(V) ≃ HomH(M ′
V
)R(St
H(M(V))
Q (R), ρR) (Prop. 5) and St
H(M(V))
Q (R) ≃ (St
H(M(V))
Q (R
′))R.
If e(V) = τR then T
M(V),∗(m) acts trivially on τR for m ∈ M
′
V hence also on τ and
V = ZR where Z is the restriction of τ to H(M)R. 
Remark 15. Proposition 6 applies to the scalar extension VRalg to R
alg of a simple
supersingular H(M)R-module V; the proof is the same as for the group (Remark 11). By
the decomposition theorem of VRalg and Lemma 6 all irreducible subquotients τ of VRalg
are supersingular, P (τ) = P (V) = P (VRalg) (Prop.7 (ii)), and IH(G)(P, τ,Q) is irreducible
by the classification theorem for H(G) over Ralg (Thm.5 [AHenV2]).
IV.5. Classification of simple modules over the pro-p Iwahori Hecke algebra.
As in §III.5 for G the classification theorem for H(G) over Ralg (Thm.5) descends to R
by a formal proof relying on the properties:
1 The decomposition theorem for H(G) (Thm.1).
2 The classification theorem for H(G) over Ralg (Thm.5 [AHenV2]).
3 The compatibility of scalar extension with IH(G)(P,−, Q) (Prop. 7) and supersingu-
larity (Lemma 6).
4 The lattice isomorphism LV
Ralg
→ LIH(G)(P,VRalg ,Q) for the scalar extension VRalg to
Ralg of a simple supersingular H(M)R-module V (Prop.5 and Remark 15).
We start the proof with an arbitrary simple H(G)R-module X . By the decomposition
theorem, the H(G)Ralg -module XRalg has finite length; we choose a simple submodule X
alg
of XRalg . By the classification theorem over R
alg,
(5.11) X alg ≃ IH(G)(P,V
alg , Q)
for an Ralg-triple (P =MN,Valg, Q) of G where Valg is a simple supersingular H(M)Ralg -
module. By the decomposition theorem, X alg descends to a finite extension of R, and
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also Valg by compatibility of scalar extension with IH(G)(P,−, Q). By the decomposition
theorem, Valg is contained in the scalar extension VRalg to R
alg of a simple H(M)R-
module V. By compatibility of scalar extension with IH(G)(P,−, Q) and supersingularity,
V is supersingular, (P,V, Q) is an R-triple of G and
(5.12) IH(G)(P,VRalg , Q) ≃ IH(G)(P,V, Q)Ralg .
We have IH(G)(P,V
alg, Q) ⊂ IH(G)(P,VRalg , Q) by the lattice isomorphism LVRalg →
LIH(G)(P,VRalg ,Q). The decomposition theorem implies
X ≃ IH(G)(P,V, Q).
Conversely, we start with an R-triple (P,V, Q) of H(G) with V simple supersingu-
lar and we prove that IH(G)(P,V, Q) is simple. By the decomposition theorem, the
H(G)Ralg -module VRalg has finite length, and IH(G)(P,VRalg , Q) also by the lattice iso-
morphism LV
Ralg
→ LIH(G)(P,VRalg ,Q). The scalar extension is faithful and exact and
IH(G)(P,V, Q)Ralg ≃ IH(G)(P,VRalg , Q) so IH(G)(P,V, Q) has also finite length. We choose
a simple H(G)R-submodule X of IH(G)(P,V, Q). The H(G)Ralg -module XRalg is contained
in IH(G)(P,V, Q)Ralg hence XRalg ≃ IH(G)P,V
′, Q) for an H(M)Ralg -submodule V
′ of VRalg
by (5.12) and the lattice isomorphism LV
Ralg
→ LIH(G)(P,VRalg ,Q). As IH(G)(P,V
′, Q) de-
scends to R, V ′ is also. But no proper H(M)Ralg -submodule of VRalg descends to R
by the decomposition theorem for H(G), so V ′ = VRalg , XRalg = IH(G)(P,VRalg , Q) and
XRalg ≃ IH(G)(P,V, Q)Ralg by compatibility of scalar extension with IH(G)(P,−, Q). So
X ≃ IH(G)(P,V, Q) and IH(G)(P,V, Q) is simple.
Finally, let (P,V, Q) and (P1,V1, Q1) be two R-triples of H(G) with V,V1 simple super-
singular and IH(G)(P,V, Q) ≃ IH(G)(P1,V1, Q1). The scalar extensions to R
alg are isomor-
phic (IH(G)(P,V, Q))Ralg ≃ (IH(G)(P1, (V1), Q1))Ralg . The classification theorem for H(G)
over Ralg and (5.12) imply P = P1, Q = Q1 and some simple H(M)Ralg -subquotient V
alg
of VRalg is isomorphic to some simple H(M)Ralg -subquotient V
alg
1 of (V1)Ralg . As V
alg is
V-isotypic and Valg1 is V1-isotypic as H(M)R-module, V and V1 are isomorphic.
This ends the proof of the classification theorem for H(G) (Thm.5). 
V. Applications
Let R be a field of characteristic p and G a reductive p-adic group as in §III.3.
V.1. Vanishing of the smooth dual. The dual of π ∈ ModR(G) is HomR(π,R) with
the contragredient action of G, that is, (gf)(gx) = f(x) for g ∈ G, f ∈ HomR(π,R), x ∈ π.
The smooth dual of π is π∨ := ∪K HomR(π,R)
K where K runs through the open compact
subgroups of G.
A finite dimensional smooth R-representation of G is fixed by an open compact sub-
group, and its smooth dual is equal to its dual.
We prove Thm. 6. Let Ralg/R be an algebraic closure and let π be a non-zero irreducible
admissible R-representation π of G. By Remark 2, (π∨)Ralg ⊂ (πRalg )
∨. Assume that
π∨ 6= 0. Then, (π∨)Ralg 6= 0, hence (πRalg )
∨ 6= 0 implying ρ∨ 6= 0 for some irreducible
subquotient ρ of πRalg . By the theorem over R
alg [AHenV2, Thm.6.4], the Ralg-dimension
of ρ is finite. The Ralg-dimension is constant on the AutR(R
alg)-orbit of ρ. By the
decomposition theorem (Thm. 10), the Ralg-dimension of πRalg is finite. It is equal to the
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R-dimension of π. So we proved that π∨ 6= 0 implies that the R-dimension of π is finite.

V.2. Lattice of submodules (Proof of Theorem 7).
V.2.1. Before proving Thm. 7, we recall some properties of the invariant functor (−)I :
Mod∞R (G) → ModR(H(G)) (see §III.1) which are specific to the pro-p Iwahori group I.
Denote by σ a smooth R-representation of M and by V a H(M)R-module.
1. The parabolic induction commutes with (−)I [OV, Prop.4.4] and with − ⊗H(G)R
R[I\G] [OV, Cor.4.7]:
(IndGP σ)
I ≃ Ind
H(G)
P (σ
I∩M ), Ind
H(G)
P V ⊗H(G)R R[I\G] ≃ Ind
G
P (V ⊗H(M)R R[(I ∩M)\M ]).
2. The last isomorphism and the faithfulness Ind
H(G)
P (Prop.4) show that the natural
map
η
Ind
H(G)
P
V
: Ind
H(G)
P V → (Ind
H(G)
P V ⊗H(G) Z[I\G])
I
is bijective if and only if the natural map ηV : V → (V ⊗H(M) Z[(I ∩M)\M ])
I∩M is.
3. The trivial R-representation of G is naturally isomorphic to R⊗H(G) Z[I\G])
I [OV,
Lemma 2.25].
4. The I-invariants of IG(P, σ,Q) is isomorphic to IG(P, σ
I∩M , Q) when σ = σmin
(§III.3) and P (σ) = P (σI∩M ).
Lemma 8. Let σ be an irreducible admissible supersingular R-representation of M . Then
σ = σmin, P (σ) = P (σ
I∩M ), so IG(P, σ,Q)
I ≃ IH(G)(P, σ
I∩M , Q).
Proof. The equality σ = σmin follows from the classification (Thm.4) because σ is super-
singular (§III.4). When σ = σmin, then ∆σ is orthogonal to ∆M (§III.3). As σ being
irreducible is generated by σI∩M , P (σ) = P (σI∩M ) [AHenV2, Thm.3.13]. 
5. The representations IH(G)(P,V, Q)⊗H(G)RR[I\G] and IG(P,V⊗H(M)RR[(I∩M)\M ], Q)
are isomorphic when V is simple and supersingular (when V ⊗H(M)R R[(I ∩M)\M ] = 0
or P (V) = P (V ⊗H(M)R R[(I ∩M)\M ]) when it is not 0, more generally) [AHenV2, Cor.
5.12, 5.13].
V.2.2. IndGP (R) and Ind
H(G)
P (R). It is known that Ind
G
P (R) is multiplicity free of irre-
ducible subquotients StGQ(R) and Ind
G
Q(R) is the subrepresentation of Ind
G
P (R) with cosocle
StGQ(R), for P ⊂ Q ⊂ G [Ly, §9].
Therefore, sending StGQ(R) for P ⊂ Q to ∆Q \∆P induces a lattice isomorphism from
LIndGP (R)
onto the set of upper sets in P(∆\∆P ); to an upper set in P(∆\∆P ) is associated
the subrepresentation
∑
J Ind
G
PJ∪∆P
(R) for J in the upper set [AHenV2, Prop.3.6].
The H(G)R-module Ind
H(G)
P (R) has a filtration with quotients St
H(G)
Q (R) for P ⊂ Q ⊂
G. By the classification theorem, the St
H(G)
Q (R) are simple not isomorphic. So Ind
H(G)
P (R)
is multiplicity free of simple subquotients St
H(G)
Q (R) for P ⊂ Q ⊂ G.
Applying 1, 2 and 3 in §V.2, the natural map
Ind
H(G)
P (R)⊗H(G) Z[I\G]→ Ind
G
P (R)
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is an isomorphism and η
Ind
H(G)
P
(R)
is bijective.
The properties a), b’), c’) of Theorem 2 are satisfied for the functor − ⊗H(G) Z[I\G] :
ModR(H(G))→ ModR(G) of right adjoint (−)
I , and the H(G)R-module Ind
H(G)
P (R). So
(−⊗H(G) Z[I\G], (−)
I ) give lattice isomorphisms between L
Ind
H(G)
P
(R)
and LIndGP (R)
.
V.2.3. IndGP (St
M
Q (R)) and Ind
H(G)
P (St
H(M)
Q (R)) for Q ⊂ P . This case is a direct conse-
quence of §V.2.2 because
IndGP (St
M
Q (R)) = Ind
G
Q(R)/
∑
Q(Q1⊂P
IndGQ1(R)
is a quotient of IndGQ(R). We deduce from §V.2.2 that Ind
G
P (St
M
Q (R)) is multiplicity free
of irreducible subquotients StGQ′(R) for Q ⊂ Q
′ but Q′ does not contain any Q1 such that
Q ( Q1 ⊂ P , that is, Q = Q
′∩P . The subrepresentation IndGP (St
M
Q′(R)) of Ind
G
P (St
M
Q (R))
has cosocle StGQ′ . Sending St
G
Q′(R) to ∆Q′ ∩ (∆ \ ∆P ) gives a lattice isomorphism from
LIndGP (StMQ (R))
onto the lattice of upper sets in P(∆ \∆P ) (which does not depend on Q).
We deduce also from §V.2.2 and Remark 5 that − ⊗H(G) Z[I\G] and (−)
I give lattice
isomorphisms between L
Ind
H(G)
P
(St
H(M)
Q
(R))
and LIndGP (StMQ (R))
.
V.2.4. IndGP σ for σ irreducible admissible supersingular and Ind
H(G)
P V for V simple su-
persingular. IndGP σ admits a filtration with quotients IG(P, σ,Q) = Ind
G
P (σ)(St
M(σ)
Q (σ))
for P ⊂ Q ⊂ P (σ) and by the classification theorem, the IG(P, σ,Q) are irreducible and
not isomorphic; so IndGP (σ) is multiplicity free of irreducible subquotients IG(P, σ,Q) for
the R-triples (P, σ,Q) of G. The maps
X 7→ e(σ) ⊗R X 7→ Ind
G
P (σ)(e(σ) ⊗R X) : LIndM(σ)
P
(R)
→ L
e(σ)⊗RInd
M(σ)
P
(R)
→ LIndGP (σ)
are lattice isomorphisms: this follows from the lattice theorems and the classification
theorem (Thm.2, Thm.3, Thm.4), as in Proposition 1 (When R is algebraically closed
[AHenV1, Prop.3.8]).
For a simple supersingularH(M)R-module V, the same arguments show that Ind
H(G)
P (V)
is multiplicity free of simple subquotients IH(G)(P,V, Q) for P ⊂ Q ⊂ P (V). The maps
Y 7→ e(V)⊗RY 7→ Ind
H(G)
P (V) (e(V)⊗RY ) : LIndH(M(V))
P
(R)
→ L
e(V)⊗RInd
H(M(V)
P
(R))
→ L
Ind
H(G)
P
(V)
are lattice isomorphisms, by applying Thm.2, Thm.3, Thm.5, as in Proposition 6.
V.2.5. IndGP (St
M
Q (σ1)) and Ind
H(G)
P (St
H(M)
Q (V1)) for an R-triple (P1, σ1, P ) of G, P1 ⊂
Q ⊂ P , σ1 irreducible admissible supersingular and similarly for V. This is a direct con-
sequence of §V.2.4 because
IndGP (St
M
Q (σ1)) = (Ind
G
Q eQ(σ1))/(
∑
Q(Q1⊂P
IndGQ1 eQ1(σ1))
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is a subquotient of IndGP1(σ1) as eQ(σ1) ⊂ Ind
MQ
P1
(σ1) and similarly for V. We have
IndGQ1 eQ1(σ1) ≃ Ind
G
P (σ1)
(e(σ1)⊗R ind
M(σ1)
Q1
(R)), and a lattice isomorphism (§V.2.4):
X 7→ IndGP (σ1)(e(σ1)⊗R X) : LIndM(σ1)
P1
(R)
→ LIndGP1(σ1)
inducing a lattice isomorphism (Remark 5):
L
Ind
M(σ1)
P
(StMQ (R))
→ LIndGP (StMQ (σ1))
.
TheR-representation IndGP (St
M
Q (σ1)) is multiplicity free of irreducible subquotients IG(P1, σ1, Q
′)
for the R-triples (P1, σ1, Q
′) of G with Q′ ∩P = Q (§V.2.3). And similarly for V with the
same arguments and references.
V.2.6. IndGP σ for σ irreducible admissible and Ind
H(G)
P V for V simple. By the classi-
fication theorem, there exists an R-triple (P1, σ1, Q) of G with Q ⊂ P , σ1 irreducible
admissible supersingular such that
σ ≃ IM (P1 ∩M,σ1, Q ∩M) = Ind
M
P (σ1)∩M
(St
M(σ1)∩M
Q∩M (σ1)).
The transitivity of the induction implies IndGP σ ≃ Ind
G
P (σ1)∩P
(St
M(σ1)∩M
Q (σ1)). This is
the case §V.2.5 with P (σ1)∩P . The R-representation Ind
G
P σ of G is multiciplicity free of
irreducible subquotients IG(P1, σ1, Q
′) for the R-triples (P1, σ1, Q
′) of G with Q′ ∩P = Q
(note that Q′ ⊂ P (σ1), Q ⊂ P ). The map
X 7→ IndGP (σ1)(e(σ1)⊗R X) : LIndM(σ1)
P (σ1)∩P
(St
M(σ1)∩M
Q
(R))
→ LIndGP (σ)
is a lattice isomorphism. And similarly for V with the same arguments and references.
V.2.7. Invariants by the pro-p Iwahori. We keep the notations of §V.2.6. The classifica-
tion theorem shows that
σI∩M is simple ⇔ σI∩M11 is simple
because σI∩M ≃ IH(M)(P1 ∩M,σ
I∩M1
1 , Q ∩M) (§V.2.1) and σ
I∩M1
1 is supersingular of
finite length.
Assume first that P (σ1) = P (V1) in §V.2.6. In §V.2.3 we saw that the maps
(2.13) X 7→ XI∩M(σ1), Y 7→ Y ⊗H(M(σ1)) Z[I ∩M(σ1)\M(σ1)]
between L
Ind
M(σ1)
P (σ1)∩P
(St
M(σ1)∩M
Q
(R))
and L
Ind
H(M(σ1))
P (σ1)∩P
(St
H(M(σ1)∩M)
Q
(R))
, are lattice isomorphisms,
inverse from each other. They induce lattice isomorphisms, inverse of each other, between
LIndGP (σ)
and L
Ind
H(G)
P
(V)
:
IndGP (σ1)(e(σ1)⊗R X) 7→ Ind
H(G)
P (V1)
(e(V1)⊗R X
I∩M(σ1)),(2.14)
Ind
H(G)
P (V1)
(e(V1)⊗R Y ) 7→ Ind
G
P (σ1)
(e(σ1)⊗R (Y ⊗H(M(σ1)) Z[I ∩M(σ1)\M(σ1)])).(2.15)
by the lattice isomorphisms of §V.2.6 with LIndGP (σ)
and L
Ind
H(G)
P
(V)
Assume now (until the end of §V.2.7) that σI∩M and σI∩M11 are simple, and that the
natural map σI∩M ⊗H(M) Z[(I ∩M)\M ]→ σ is injective.
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Then P (σ1) = P (σ
I∩M1
1 ) (Lemma 8). When V1 = σ
I∩M1
1 , the lattice isomorphisms
(2.14), (2.15) between LIndGP (σ)
and L
Ind
H(G)
P
(σI∩M )
are simply given by (−)I and −⊗H(M(G)
Z[I\G]:
IndGP (σ1)(e(σ1)⊗R X) 7→ (Ind
G
P (σ1)
(e(σ1)⊗R X))
I ,(2.16)
Ind
H(G)
P (σ1)
(e(σI∩M11 )⊗R Y ) 7→ (Ind
H(G)
P (σ1)
(e(σI∩M11 )⊗R Y ))⊗H(M(G) Z[I\G].(2.17)
This follows from the lattice theorem (Thm.2) applied to the functor − ⊗H(G) Z[I\G] :
ModR(H(G)) → ModR(G) of right adjoint (−)
I and to Ind
H(G)
P (σ
I∩M ) after having
checked that they satisfy the hypotheses a), b’), c’) of this theorem.
As the map σI∩M ⊗H(M) Z[(I ∩ M)\M ] → σ is injective, σ irreducible, and as the
parabolic induction commutes with −⊗H(G) Z[I\G], the natural map
Ind
H(G)
P (σ
I∩M )⊗H(G) Z[I\G])→ Ind
G
P σ
is an isomorphism. The commutativity of the parabolic induction with (−)I (§V.2.1) im-
plies that Ind
H(G)
P (σ
I∩M ) → (Ind
H(G)
P (σ
I∩M ) ⊗H(G) Z[I\G])
I is an isomorphism, i.e. a).
TheH(G)R-module Ind
H(G)
P (σ
I∩M ) and IndGP σ have finite length (§V.2.6), i.e. c’). For b’),
i.e. πI is simple for any irreducible subquotient π of IndGQ(σ), we write π ≃ IG(P1, σ1, Q
′)
for an R-triple (P1, σ1, Q
′) of G with Q′ ∩ P = Q. By lemma 8, IG(P1, σ1, Q
′)I ≃
IH(G)(P1, σ
I∩M1
1 , Q
′) and IH(G)(P1, σ
I∩M1
1 , Q
′) is simple by the classification theorem.
This ends the proof of Theorem 7.
VI. Appendix: Eight inductions ModR(H(M))→ ModR(H(G))
For a commutative ring R and a parabolic subgroup P = MN of G, there are eight
different inductions ModR(H(M))→ ModR(H(G))
−⊗H(Mǫ),θη H(G) and HomH(Mǫ),θη(H(G),−) for ǫ ∈ {+,−}, η ∈ { , ∗}.
associated to the eight elements of {⊗,Hom} × {+,−} × {θ, θ∗} where θ := θGM IV.1. We
We write {θη, θ∗η} = {θ, θ∗} (as sets). The triple (⊗,+, θ) corresponds to the parabolic
induction Ind
H(G)
P (−) = − ⊗H(M+),θ H(G) and the triple (Hom,−, θ
∗) corresponds to
CI
H(G)
P (−) = HomH(M−),θ∗(H(G),−) that we call parabolic coinduction. The proposi-
tions (Prop.8, Prop.9) comparing these eight inductions, are extracted from [Abeparind]
and [Abeinv]. To formulate them we need first to define the “ twist by nwGwM” and the
involution ιMℓ−ℓMof H(M).
Twist by nwGwM . Let wM = wP be the longest element of the Weyl group of ∆M =
∆P , and w 7→ nw : W → W is an injective homomorphism from the Weyl group W of ∆
to W satisfying the braid relations (there is no canonical choice).
Let P op = MopNop denote the parabolic subgroup of G (containing B) with ∆Mop =
∆P op = wGwP (∆P ) = wG(−∆P ) (image of ∆P by the opposition involution α 7→ wG(−α)
[T, 1.5.1]). The twist by nwGwM is the ring isomorphism [Abe, §4.3]
H(M)→ H(Mop) (TMw , T
M,∗
w ) 7→ (T
Mop
nwGwMwn
−1
wGwM
, TM
op,∗
nwGwMwn
−1
wGwM
) for w ∈WM .
It restricts to an isomorphim H(M ǫ) → H(Mop,−ǫ) ([VigpIwst, Prop.2.20]. The inverse
of the twist by nwGwM is the twist by nwGwMop , as nwGwPop = nwPwG = n
−1
wGwP
.
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By functoriality the twist by by nwGwM gives a functor
ModR(H(M))
nwGwM (−)−−−−−−−→ ModR(H(M
op)).
Involution ιMℓ−ℓM [Abeparind, §4.1]. The two commuting involutions ι
M and ιℓ−ℓM of
the ring H(M):
(TMw , T
M,∗
w )
ιM
−−→ (−1)ℓM (w)(TM,∗w , TMw ) [VigpIw, Prop. 4.23],
(TMw , T
M,∗
w )
ιℓ−ℓM−−−−→ (−1)ℓ(w)−ℓM (w)(TMw , T
M,∗
w ) [Abeparind, Lemmas 4.2, 4.3, 4.4, 4.5].
give by composition an involution ιMℓ−ℓM of H(M)
(TMw , T
M,∗
w )
ιM
ℓ−ℓM−−−−→ (−1)ℓ(w)(TM,∗w , TMw ).
The twist by nwGwM and the involution ι
M
ℓ−ℓM
commute:
nwGwM (−) ◦ ι
M
ℓ−ℓM
= ιM
op
ℓ−ℓMop
◦ nwGwM (−) : H(M)→ H(M
op),
send TMw for w ∈WM to
(−1)ℓ(nwGwMwn
−1
wGwM
)TM
op,∗
nwGwMwn
−1
wGwM
= (−1)ℓ(w)TM
op,∗
nwGwMwn
−1
wGwM
(for the equality, recall that the length ℓM of WM is invariant by conjugation by wM , and
ℓ(nwGwMwn
−1
wGwM
) = ℓ(nwGnwMwn
−1
wM
n−1wG) = ℓ(nwMwn
−1
wM
) = ℓ(w)). By functoriality we
get a functor
ModR(H(M))
(−)
ιM
ℓ−ℓM
−−−−−−→ ModR(H(M)).
When M = G, we write simply ιG.
We are now ready for the comparison of the eight inductions, which follows from different
propositions in [Abeparind]. In the following propositions, V is any right H(M)R-module.
Proposition 8. Exchanging +,− corresponds to the twist by nwGwM ,
V ⊗H(Mǫ),θη H(G) ≃ nwGwM (V) ⊗H(Mop,−ǫ),θη H(G),(0.18)
HomH(Mǫ),θη(H(G),V) ≃ HomH(Mop,−ǫ),θη(H(G), nwGwM (V)).(0.19)
Exchanging θ, θ∗ corresponds to the involutions ιMℓ−ℓM and ι
G.
(V ⊗H(Mǫ),θη H(G))
ιG ≃ V
ιM
ℓ−ℓM ⊗H(Mǫ),θ∗η H(G),(0.20)
HomH(Mǫ),θη(H(G),V)
ιG ≃ HomH(Mǫ),θ∗η(H(G),V
ιM
ℓ−ℓM ).(0.21)
Exchanging ⊗,Hom corresponds to the involutions ιMℓ−ℓM and ι
G,
(V ⊗H(Mǫ),θη H(G))
ιG ≃ HomH(Mǫ),θη(H(G),V
ιM
ℓ−ℓM ).(0.22)
Remark 16. One can exchange (⊗, θη) and (Hom, θ∗η) without changing the isomorphism
class:
(0.23) V ⊗H(Mǫ),θη H(G) ≃ HomH(Mǫ),θ∗η(H(G),V).
Duality Let ζ the anti-involution of H(G) defined by ζ(Tw) = Tw−1 for w ∈ W ; we
have also ζ(T ∗w) = T
∗
w−1
[Vigadjoint, Remark 2.12]. The dual of a right H(G)R-module X
is X ∗ = HomR(X , R) where h ∈ H(G)R acts on f ∈ π
∗ by (fh)(x) = f(xζ(h)) [Abeinv,
Introduction].
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Proposition 9. The dual exchanges (⊗,+) and (Hom,−):
(V ⊗H(Mǫ),θη H(G))
∗ ≃ HomH(M−ǫ),θη(H(G),V
∗),(0.24)
V∗ ⊗H(Mǫ),θη H(G) ≃ (HomH(M−ǫ),θη(H(G),V))
∗ .(0.25)
Proof. Applying (0.23), the upper isomorphism (0.24) for an arbitray (ǫ, θη) is equivalent
to the lower isomorphism (0.25) for an arbitray (ǫ, θη).
We prove the upper isomorphism for an arbitray (ǫ, θη). For (+, θ), it is implicit in
[Abeinv, §4.1]. Applying it to the twist by nwGwP of (M,V) and using (0.18) (0.19), we
get (0.24) for (−, θ). The image by ιG of the upper isomorphism (0.24) for (ǫ, θ) and V
ιM
ℓ−ℓM
is (0.24) for (ǫ, θ∗) and V, because the anti-involution ζM of H(M) commutes with the
involution ιMℓ−ℓM , their composite in any order sends (T
M
w , T
M,∗
w ) to (−1)ℓ(w)(T
M,∗
w−1
, TM
w−1
)
for w ∈WM , as ℓ(w) = ℓ(w
−1). 
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